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1. Introduction

The inspiration for snake robots comes from biological snakes.
Snakes display excellent mobility capabilities and can move over
virtually any type of terrain, including narrow and confined loca-
tions. They are good climbers, very efficient swimmers, and some
snakes can even fly by jumping off branches and using their body
to glide through the air. Also, a snake robot is a highly articulated
robot manipulator arm with the capability of providing its own
propulsion. These capabilities have spurred an extensive research
activity investigating the design and control of snake robots.

A snake robot is a robotic mechanism designed to move like
a biological snake. Inspired by the robustness and stability of the
locomotion of biological snakes, snake robots carry the potential
of meeting the growing need for robotic mobility in unknown
and challenging environments. These mechanisms typically con-
sist of many serially connected joint modules capable of bending
in one or more planes. The many degrees of freedom of snake
robots make them challenging to control, but provide potential lo-
comotion skills in irregular and challenging environments which
may surpass the mobility of wheeled, tracked and legged robots
(Liljebdck, Pettersen, Stavdahl, & Gravdahl, 2012, 2013).

Research on snake robots has been conducted for several
decades. The research field was pioneered about 40 years ago
by Professor Shigeo Hirose at Tokyo Institute of Technology, who
developed the world’s first snake robot as early as 1972 (see
Hirose, 1993). The robot, which is shown in Fig. 1, was equipped
with passive wheels mounted tangentially along its body. The
wheels enabled the robot to travel forward on a flat surface by

Fig. 1. The snake robot ACM III, which was the world’s first snake robot developed
by Prof. Shigeo Hirose in 1972. Courtesy of Tokyo Institute of Technology.

controlling the joints according to a periodic body wave motion
similar to the body waves displayed by biological snakes. In the
decades following the pioneering research by Professor Hirose, re-
search communities around the world have developed several ag-
ile and impressive snake robots in efforts to mimic the motion
capabilities of their biological counterpart. In addition to the re-
search of Shigeo Hirose’s group, this includes the seminal works
of the research groups of Howie Choset, e.g. Wright et al. (2007),
Tesch et al. (2009), of Auke Ijspeert, e.g. Crespi, Badertscher, Guig-
nard, and Ijspeert (2005); Crespi and Ijspeert (2008), of
Gregory Chirikjian, e.g. Chirikjian and Burdick (1990, 1995),
of Tetsuya Iwasaki, e.g. Prautsch, Mita, and Iwasaki (2000);
Saito, Fukaya, and Iwasaki (2002), of Shugen Ma, e.g. Ma (1999,
2001), of Jim Ostrowski, e.g. Ostrowski and Burdick (1996);
Mclsaac and Ostrowski (2003), and of Fumitoshi Matsuno, e.g.
Fukushima et al. (2012); Tanaka and Matsuno (2014). Please note
that this list of significant researchers and papers on snake robots
is by no means complete, and the reader is referred to the re-
views of snake robotics research in Transeth, Pettersen, and Lilje-
back (2008), Hirose and Yamada (2009), Hopkins, Spranklin, and
S.K. (2009), Liljeback, Pettersen, Stavdahl, and Gravdahl (2013), and
Sanfilippo et al. (2017) for a more comprehensive exposition.

The present paper reviews a selection of recent work by the au-
thor’s research group on modeling, analysis, and control of snake
robots. A central goal of this work has been to understand the fun-
damental and inherent properties of snake robots, in order to effi-
ciently control them. The primary focus of our research has thus
been on model-based nonlinear analysis and control design. For
experimental verification of the theoretical results, we have de-
veloped several dedicated snake robots, including Kulko (Fig. 2), a
snake robot with force sensors, designed for obstacle-aided loco-
motion; Wheeko (Fig. 3), a snake robot with passive wheels, de-
veloped to study snake robot locomotion across flat surfaces; and
Mamba (Fig. 4), an amphibious snake robot developed for exper-
imental validation of modeling and control theory of swimming
snake robots.

A first goal was thus to derive analytically tractable mathemat-
ical models of the snake robots and to utilize these to understand
more about the properties of snake robots. The paper starts with
a review of mathematical models of snake robots. The kinemat-
ics is similar regardless of whether the snake robot moves on land
or in water, while the dynamics differs and is presented for snake
robots moving on land in Section 2.3 and for snake robots moving
underwater in Section 2.4. Then we move on the question of how
to make the snake robot move forward. Based on the mathemat-
ical models, we see that if the friction or drag force coefficients
of a snake robot are larger in the sideways direction than in the
longitudinal direction of the robot links, the snake robot achieves
forward propulsion by continuously changing its body shape to in-
duce either ground friction forces or hydrodynamic drag forces that
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Fig. 4. The amphibious snake robot Mamba.

propel the robot forward. When the snake robot follows an undula-
tory gait pattern, it thus achieves propulsion. Furthermore, the na-
ture of undulatory locomotion allows us to develop simpler math-
ematical models, which capture the essential behavior of snake
robots during undulatory locomotion, and which are well-suited
for analysis and control design.

Based on these models, we derive the relationship between the
undulatory gait parameters and the forward velocity, such that
we can choose the gait parameters to achieve the desired ve-
locity and also make an informed trade-off between speed and
power consumption. We then develop path following controllers
for the snake robots. For snake robots moving on land, a line-of-
sight (LOS) guidance control law is proposed and shown to ex-
ponentially stabilize the desired straight line path under a given
condition on the look-ahead distance parameter. For snake robots
moving underwater, the control law must handle ocean currents of
unknown direction and magnitude. To this end, an integral line-of-
sight (ILOS) guidance control law is proposed and shown to expo-

nentially stabilize the desired straight line path under given condi-
tions on the look-ahead distance and integral gain parameters. For
some applications, it is desirable also to control the forward ve-
locity of the robot. Instead of using tuning of the gait pattern pa-
rameters based on the relationship between these parameters and
the velocity, which constitute open-loop control of the velocity, we
then include feedback control of the forward velocity in the con-
trol law, solving the maneuvering control problem. Maneuvering
control laws, based on biologically inspired virtual holonomic con-
straints, are proposed for snake robots moving both on land and
underwater.

The paper furthermore presents the underwater swimming ma-
nipulator (USM). The USM arises from the question: “What if we
combine the best from biology with the best from technology, and
equip the snake robot with additional effectors?” This combination
of bio-inspiration and technology is also seen in Sarcos’ Guardian
S, which is a snake-like robot equipped with magnetized tracks
(Briggs, 2017), and Boston Dynamics’ Handle, which is a humanoid
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Table 1
Parameters that characterize the snake robot.
Symbol Description Vector
N The number of links
1 The half length of a link
m Mass of each link
J Moment of inertia of each link
0; Angle between link i and the global x-axis 0 cRN
i Angle of joint i ¢ e RNV
(X, Vi) Global coordinates of the CM of link i X,Y € RN
(px Dy) Global coordinates of the CM of the robot Pcu € R?
u; Actuator torque of the joint between link i and link i+1  u € RN-!
Uiy Actuator torque of the joint between link i and linki—1 u e RN-!
frxir fry i) Ground friction force on link i frx fry € RN
(i fy 1) Fluid force on link i fy, fy € RN
T Fluid torque on link i TeRN
(hy i» hy, ;) Joint constraint force on link i from link i + 1 hy, hy e RV-!
—(hyji_1.hyi1)  Joint constraint force on link i from link i — 1 hy, hy e RV-!

robot with wheels (Guizzo & Ackerman, 2017). The USM combines
the slender, multi-articulated and thus flexible body of snakes with
the efficient propulsion provided by thrusters. The thrusters give
the robot hovering capabilities in addition to faster propulsion,
while the snake-like body provides the robot with beneficial hy-
drodynamic properties for long-distance transportation, and excep-
tional access to narrow areas. In addition, equipping the robot with
sensors and tools, the multi-articulated body constitute a dexter-
ous robot manipulator arm that can perform inspection and inter-
vention operations subsea. This robot addresses current needs for
subsea resident robots in the oil and gas industry, and also consti-
tute an efficient robotic tool for subsea operations within marine
biology, archaeology, aquaculture, and port security.

The paper is organized as follows: Section 2 presents a math-
ematical model of snake robots moving in 2D on land and under-
water. Based on this model, we analyze snake robot locomotion
in Section 3. In Section 4 we present a control-oriented model of
snake robots, modeling their kinematics and dynamics during un-
dulatory locomotion. In Section 5 we find the relationship between
the gait pattern parameters and the resulting forward velocity dur-
ing undulatory locomotion, based on this model. Section 6 presents
solutions to the path following control and maneuvering control
problems for snake robots. In Section 7 we introduce the under-
water swimming manipulator, and in Section 8 we discuss why the
USM is an interesting robotic solution for industrial subsea opera-
tions.

2. Mathematical model

This section reviews the mathematical models of snake robots
moving on land and in water. In particular, snake robots moving
on a horizontal and flat surface on land, and in a 2D plane under-
water, are described.

2.1. Notation

We use the following notation throughout this article:

- The operator diag (-) produces a diagonal matrix with each ele-
ment of its argument along its diagonal.

« The sign, sine and cosine operators, sgn(-), sin(-) and cos(-),
are vector operators when their argument is a vector and scalar
operators when their argument is a scalar value.

+ We will use subscript i to denote element i of a vector (see
Table 1 below). When parameters of the links (joints) of the
snake robot are assembled into a vector, we associate element
i of this vector with link i (joint i).

Xglobal

Fig. 5. The kinematic parameters of the snake robot.

« We use a bold font for symbols representing a vector or a ma-
trix.

« The matrix I represents the k x k identity matrix, and 0;, ; rep-
resents the i x j matrix of zeros.

A vector related to link i of the snake robot is either expressed
in the global coordinate system or in the local coordinate sys-
tem of the link (see Fig. 5). We indicate the chosen coordinate
system by the superscript global or link, i, respectively. If not
otherwise specified, a vector with no superscript is expressed
in the global coordinate system.

The snake robot consists of N rigid links of equal length 2I in-
terconnected by N — 1 motorized joints. All N links are assumed to
have the same mass m and moment of inertia | = %mlz. The mass
of each link is uniformly distributed so that the link center of mass
(CM) is located at its center point (at length [ from the joint on
each side). In the following subsections, we model the kinematics
and dynamics of snake robots moving on land and in water using
the mathematical symbols described in Table 1 and illustrated in
Figs. 5 and 6. We use the following vectors, matrices and opera-
tors in the subsequent sections:

1 1 1 -1
A= D= ; (1)
1 1 1 -1
where A, D e R-1D>N_ Furthermore,
e—[1...1] erN E— [o:ﬂ ON;]} cRMN2, @)

sinf = [sin6;, . ..,sin@N]T e RN, S, =diag(sinf) e RNV, (3)
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(a) Moving on land

(b) Moving in water

Fig. 6. Forces and torques acting on each link.

cosf = [cosbs, ..., cos QN]T e RN, €y = diag(cosf) e RN (4)
sgn(x) = [sgn(xy), ...,sgn(xn)]T eR" VxeR" (5)

T
=[x, %] eR" VXeR" (6)

The matrices A and D represent, respectively, an addition and a
difference matrix, which we use for adding and subtracting pairs of
adjacent elements of a vector. Furthermore, the vector e represents
a summation vector, which will be used for adding all the elements
of an N-dimensional vector.

2.2. The kinematics of the snake robot

The kinematics of the snake robot is the same for moving on
land and in water, and the material in this section is based on
Liljebdck et al. (2013). The snake robot moving on land is assumed
to travel on a horizontal and flat surface. The snake robot moving
underwater is assumed to travel in a virtual horizontal plane, fully
immersed in water. The snake robot has N+2 degrees of freedom (N
link angles and the x — y position of the robot). The link angle of
linkie{1,..., N} of the snake robot is denoted by 6; € R and is de-
fined as the angle that the link forms with the global x-axis, while
the joint angle of joint i € {1,...,N -1} is denoted ¢; € R and de-
fined as

¢i = 91‘ - 9i+1

In other words, the link angle is the orientation of a link with
respect to the global x-axis, while the joint angle is the angle
between two adjacent links. The link angles and the joint an-
gles are assembled in the vectors 6 = [6;, ...,QN]T cRN and ¢ =
(b1, .-, ¢N_1]T e RN-1, respectively. There are several alternatives
for defining the orientation of the snake robot. A common choice is
defining the orientation (or heading) 6 € R of the snake as the av-
erage of the link angles (Hatton & Choset, 2009; Hu, Nirody, Scott,
& Shelley, 2009; Liljeback et al., 2013):

.1 N
G:N;:@i. (8)

Remark 1. Note that there is no unique definition for the orienta-
tion of a snake robot. Eq. (8) gives one of several alternative mea-
sures. Other measures may for instance be the heading of the head
link or the orientation of the velocity vector of the CM. Which def-
inition to choose will depend on what our control objectives are.

i=1,...,N—1. (7)

The kinematics of the snake robot is derived using link angles
instead of joint angles, as this simplifies the mathematical expres-
sions. We position the local coordinate system of each link in the

CM of the link with the x- (tangential) and y- (normal) axis ori-
ented such that they align with the global x- and y-axis, respec-
tively, when all the link angles are zero. The rotation matrix from
the global frame to the frame of link i is

obal cosf; —sinb;
RE — . (9)

link,i sinf;  cos6;

The global frame position pcy € R? of the CM of the robot is given
by

DPx N YN, mx; 1[e’X (10)

Pcm = = = — R
M| by o iy my; Nlely

where (x;, y;) are the global frame coordinates of the CM of link i,
X=[x1.....xy]" € RN and Y= [y;,...,yn]" € RN. The forward veloc-
ity of the robot is denoted by Ur € R and is defined as the compo-
nent of the CM velocity pcyv along the current orientation of the
snake robot, 6, i.e. as
Ur = Pxcos6 + pysinf. (11)

where the subscript t denotes tangential.
The connection between the adjacent links i and i+ 1 at joint

iefl,..., N —1} has to comply with the two holonomic con-
straints

Xiy1 — X =1cos6; +1cosO; ., (12a)
Yiq1 —Yi= Isin 9,‘ + Isin 9i+1 . (12b)

Using the notation from Section 2.1, we can write the joint con-
straints for all the links of the robot in matrix form as

DX +IAcosf =0, (13a)

DY + [Asinf = 0. (13b)

We can now express the position of the individual links as a
function of the CM position and the link angles of the robot by
combining (10) and (13) into

—IAcos @ —IAsin@
X — , TY= , (14)
px py
where
D
T= [ } e RNV, (15)
1aT
N

It can be shown that

T = [orop’) " el (16)
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which enables us to solve (14) for X and Y, giving

—IAcos@
X=T" = —IK" cos @ + eps, (17a)
Dx
—IAsin @ .
Y=T! = —IK" sin@ + ep,, (17b)
Dy

where l(:AT(DDT)qDeIRNXN, and where DD’ is nonsingular
and thereby invertible (Liljebdck et al., 2013).

We find the linear velocities of the links by differentiating the
position of the individual links (17a) and (17b) with respect to
time, which gives

X =IK'S;0 +ep,, Y=—IK'Cy+ep,. (18)

By manually investigating the structure of each row in (18), it can
be verified that the linear velocity of the CM of link i in the global
x and y directions is given by

)2,' = px — (T,-S90, (193)
Vi =By +0iCo, (19b)
where

a; + b;
o= |:Cll~ a, ..., 01, % bis1, bita, ~-~qu:| (20a)
o@D l@i-1-2N) (20b)

! N N

The notation and model derivations presented above are based
on Liljebdck et al. (2013, Chapter 2) where further details can be
found for snake robots moving on land. For modeling the dynamics
of the underwater snake robot in Section 2.4, it is necessary also to
derive the equations of the linear acceleration of the links in order
to express the fluid forces. We find the linear accelerations of the
links by differentiating the velocity of the individual links (18) with
respect to time, which gives (Kelasidi, Pettersen, Liljeback, & Grav-
dahl, 2014):

X = IKT (coér2 + 590) + ey,
(21)
Y = K" (590'2 - ceé) +ej,.

2.3. The dynamics of snake robots moving on land

In this section we present the dynamics of a snake robot mov-
ing on a horizontal and flat surface. As we will see in Section 3,
the ground friction properties are decisive for snake robot mo-
tion. We will start by presenting the ground friction model, and
then present the mathematical equations describing the dynam-
ics of snake robots moving on land. The material in this section is
based on Liljebdck et al. (2013).

2.3.1. Ground friction model

We assume that the ground friction force on a link is propor-
tional to the velocity of the link, i.e. we use a viscous friction
model, and we assume that the viscous ground friction forces act
on the CM of the links.

Isotropic viscous friction

The isotropic viscous friction force on link i in the global x and
y direction is proportional to the global frame velocity of the link
given by (19) and is given by

Xi [ by — 0:S,0
fri = £50>" :—cu — | P, (22)
' i _[.Jy + 0'ng0

where c is the viscous friction coefficient. The friction forces on all
links can be written in matrix form as

] [fﬂ . X . [ IKTS,0 + epy 23)
R = = — . = — . s
fry Y | —IKTCo0 +ep,

where we have used the expression for the link velocities
given by (18), and where fpy = [frx1,---» fR‘X’N]T eRN and f, =

[fR_y_l,...,fR,y,N]T e RN contain the friction forces on the links in
the global x and y direction, respectively.

Anisotropic viscous friction

Under anisotropic friction conditions, a link has two viscous
friction coefficients, ¢; and cp, describing the friction force in the
tangential (along the link x axis) and normal (along the link y axis)
direction of the link, respectively. We define the viscous friction
force on link i in the local link frame, f};_r;k" eR2, as

Lo Ct 0 L
ink,i __ link,i
flR,i = _[O c i|"i ; (24)
n
where v}i“k’i €R? is the link velocity expressed in the local link
frame. By using (9), we can express the global frame viscous fric-
tion force on link i as

S ¢ O ...

. __ gelobal __ pglobalglink,i _ _ pglobal link,i
fri =0 =RE TG = —RELS |:0 c ]"i
n

e Y lobal\ " | Xi
B N (C R 2s)
n

By performing the matrix multiplication in (25), we get

(ct — cn) sinb; cos 9,-:| |:X1] (26)

¢ ¢ c0s2 6; + ¢ sin® 6;
R, == -2 2 y
C¢ sin” 6; + ¢, cos? 6; i

(¢t — cp) siné; cos H;

By assembling the forces on all links in matrix form, the global
frame viscous friction forces on the links can be written as

. [fR,x}__ ct(Co)* +en(S)* (e —n)SeCo
"TleRe] T | @ -)SiC c(Se)? +an(Cy)?

[ﬂ e RN, (27)

Note that (27) reduces to (23) in the case of isotropic friction, i.e.
when ¢t =¢; =c.

2.3.2. The dynamics of the snake robot

The N+ 2 degrees of freedom of the snake robot are defined
by the link angles # RN and the CM position pcy €R2. We now
present the equations of motion of the robot expressed by the ac-
celeration of the link angles, €, and the acceleration of the CM po-
sition, pcy. The details of the derivation of these equations can be
found in Liljebdck et al. (2013).

M, 6 + W — IS;Kf , + ICoKfz, = D"u, (28a)
p elfy,

Nmipey = Nm[lf X} - [ o } —E'fy, (28b)
By e'fr,
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where fy is the viscous friction force given by (27), and where

My = JIy + mI2SyVSy + mI>CyVCy, (29a)
W = ml?S,VCy — mI>CyVSy, (29b)
V=AT(DD") A, (29¢)
K=A"(DD")"'D. (29d)

By introducing the state variable

x=[0" pl, 67 ng]T € R?N+t4 the model of the snake
robot can be written compactly in state space form as
0
X= p?.M =F(x,u), (30)
0
Pcm

where the elements of F(x, u) are easily found by solving (28a) and
(28b) for @ and ¢y, respectively.

To express the dynamics in a control affine form, a partial feed-
back linearisation which includes a separation of the actuated and
the unactuated part of the dynamics, is presented in Liljebdck et al.
(2013, Chapter 2.8). In particular, the new state vector is defined
by X{ =Qqq. Xy =Qqu, X3 =@q, X4 =@y, and X = [x{,xg,xg,xﬂT €
R2N+4, where qq = [¢1. ..., ¢n_1]" € RN-1 represents the actuated
degrees of freedom, qy = [y, Px, py]T € R3 represents the unactu-
ated degrees of freedom. The partial feedback linearization gives a
new set of control inputs, = [ty,...,Ty_1]" € R¥-1, and the re-
sulting system is then given in the control-affine form

X4
. )'(2 N-1 B
X=| o |= f(x) + > (g (x1)1)). (31)
3 j=1
X4

The mathematical model can also be extended to include con-
tact forces from interaction with obstacles in the environment
around the robot. Since the interaction with an obstacle represents
a discrete event that only occurs when a link of the robot comes
into contact with the obstacle, the snake robot model will then
incorporate both continuous and discontinuous dynamics. The re-
sulting hybrid model can be found in Liljebdck et al. (2013).

2.4. The dynamics of snake robots moving underwater

In this section we present the dynamics of a snake robot
moving in a virtual horizontal plane, i.e. moving at a constant
depth, fully immersed in water as shown in Fig. 7. The snake
robot is assumed to be neutrally buoyant, such that its depth
remains constant unless active depth control is used (using the
rotation of the links around the body-fixed y-axis). The mate-
rial in this section is based on Kelasidi, Pettersen, Gravdahl, and
Liljeback (2014), Kelasidi, Pettersen, Liljebdck et al. (2014) and
Kelasidi, Pettersen, Gravdahl, Stremsgyen, and Serensen (2017).

2.4.1. Hydrodynamic forces and torques

The underwater snake robots will swim at Reynolds numbers
between 10% and 10°, and this entails that both resistive forces
(drag forces) and reactive forces (added mass effects) need to be
modeled since both will have a decisive effect on the propulsion

of the swimming snake robot (Wiens & Nahon, 2012). The model
is derived under the following assumptions:

Assumption 1. The fluid is viscid, incompressible, and irrotational
in the inertial frame.

Assumption 2. The robot is neutrally buoyant.

Assumption 3. The ocean current velocity in the inertial frame,
= [V, Vy]", is constant and irrotational.

Remark 2. Assumptions 1 and 2 are common assumptions
in hydrodynamic modeling of slender body swimming robots
(Boyer, Porez, & Khalil, 2006; Wiens & Nahon, 2012), while
Assumption 3 is a reasonable simplification of the real-world sit-
uation and is a standard assumption in marine control theory (Fan
& Woolsey, 2013; Fossen, 2011).

Remark 3. Neutral buoyancy, i.e. that the mass per unit of volume
of the robot is equal to that of the water, such that gravity and
buoyancy cancel each other, is achieved by proper ballasting of the
snake robot. The ballast will furthermore be positioned at the bot-
tom of each snake robot link, to prevent it from rolling, making it
self-stabilized in roll.

Assumption 4. The relative velocity at each section of the link in
the body-fixed frame is equal to the relative velocity of the respec-
tive center of mass of each link.

Remark 5. This approximation is valid when the link length is
small compared to the length of the total robot, which means that
the linear velocity of each point along a link will be approximately
the same. Due to Assumption 4 it is not necessary to numerically
evaluate the drag forces using an algorithmic approach of model-
ing, and we derive instead a compact and closed-form model that
is suited for model-based analysis and control.

The hydrodynamic forces (fluid forces) are expressed as func-
tions of the relative velocity, where the relative ve10c1ty of link

i is defined as Ulll’ll(l pilnl(,l _ Uin:k 1’ where vllnkl — (ngu‘(l)k? )TUC

[Vyi, vy_,] is the ocean current velocity expressed in the body-fixed
frame coordinates, and v, = [Vx,Vy]T is the ocean current veloc-
ity expressed in inertial frame coordinates. Due to Assumption 3,

=0 and thus
cos 6;6; v,
. . 32
— sin 6,6; |:Vyi| (32)

—sin Qiéi

inki d

vg?k'l T dt (mﬁﬁ??lﬂuc) ~ | —cos 6:6;
Each link of the robot is subject to a force from the fluid acting on
the CM of the link and also a fluid torque acting on the CM. In the
following, we will present the fluid forces and torques acting on
the snake robot. In particular, we present how the force exerted by
the fluid on a cylindrical object is made up of two components: the
virtual mass force (added mass effect) and the drag force. The drag
model takes into account the generalized case of anisotropic resis-
tive (drag) forces acting on each link. The anisotropy means that
each link has two drag coefficients, c¢; and c, describing the drag
force in the tangential (along the link x axis) and normal (along
the link y axis) direction of the link, respectively.

The fluid forces exerted on link i by the fluid are

link,i lll’lkl a lmkx 11nk1 link,i 2
[N = =Gt — Cp ) -G diag(sgn(v)7°)) (n'7*7)",  (33)
where v““k' = pi‘”k" - \')i'?k" is the relative acceleration of link i,
p““k' and pl”‘k’ are the velocity and the acceleration of link i, re-

spectively, expressed in the body frame. The matrices €, and Cp
are constant diagonal (2 x 2) matrices depending on the shape of
the body and the fluid characteristics. For cylindrical links with
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Fig. 7. Visualization of a ten link snake robot moving fully submerged in a virtual horizontal plane.

major diameter 2a and minor diameter 2b, and taking into account
that the length of each link is 2/, the matrices C4, Cp are

¢ [ 0 0 0 (34)
AT10 | T o prGa22t]
e O %pan (b+a), 0
CD = 0 = > (35)
Cn 1
L 0 i,oCDZGZI

where Gy and Cp are the drag coefficients in the body-fixed x- (tan-
gential) and y-(normal) direction of the links, p is the density of
the fluid, and C4 denotes the added mass coefficient in the normal
direction. Since we assume that the USR is fully immersed in wa-
ter, below the wave zone, the added mass parameters /i and wup
are constant (i.e. equal to the asymptotic values when the wave
frequency is going to zero). The added mass parameter in the x-
direction is considered equal to zero (u = 0) because the added
mass of a slender body in the longitudinal direction can be ne-
glected compared to the body mass (Newman, 1977).

By assembling the fluid forces acting on all links in a vector,
the fluid forces on the links expressed in the global frame can be
written as

| ™ fo.] 15, 36
:fy:fAerf{),Jrf{;y’ (36)

where the vectors f })x, f })y and f gx, f }',y represent the effects from
the linear (37) and nonlinear drag forces (38), respectively:

[, ] [aCo —aSo|Tv,, 4
f},y - Cth CnC9 vry ’ ( )

(5 ] [c:Cyp  —CnSp ] i Vr, V2
fgy - Ctse CnCQ ag| sen Vry [vlz‘y} ’ (38)

and where the relative velocities expressed in the body-fixed frame
are given by

Vi, Co  So|lX-vy 39
Vi, | T[S0 G Y-v, | (39)

Furthermore, Vy = eVy € RV and V, = eV, e RN, where Vx and V,
are the ocean current velocities in the inertial x- and y-direction,
respectively, cf. Assumption 3.

The relative accelerations of the links in the body-fixed frame
can be found by differentiating (39) with respect to time, which
gives

w5 <]l

-S, €, |[diag(6) 0 X -V,
Tl -sy 0 diag(®) [| Y-, |’

Following the procedure presented in Kelasidi, Pettersen, and Grav-
dahl (2014) and using the equation of the relative acceleration in
body frame (40), the vectors fy, and fa, representing the added
mass effects can be expressed as

fa, G -Sy|[o o[y,
fa, |~ |Se G |[0 n Vi, | 1)

The parameter p = unly represents the added mass of the fluid
that is carried when the links move in their normal direction,
cf. (34).

The fluid torque 7; applied on link i by the fluid can be mod-
eled as

Ti = —5\,]9} — 5\.20.,' — 5\,3Sg1’1(9.,')9.i2, (42)

where the parameter i, represents the added mass parameter, and
the coefficients A,, A5 represent the drag torque parameters. These
parameters depend on the shape of the body and the fluid charac-
teristics.

Assembling the fluid torques acting on all links in matrix form,
the fluid torques acting on all links are given by the vector

T=—A16—Ay0— A3diag(sgn(0))02, (43)
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where A] = 5‘-11N’ Az = 5\21]\] and A3 = 5\31]\].

2.4.2. The dynamics of the underwater snake robot (USR)

This section presents the resulting equations of motion for
the underwater snake robot. In Kelasidi, Pettersen, Gravdahl, Lil-
jebdck et al. (2014), Kelasidi, Pettersen et al. (2017), Kelasidi, Pet-
tersen, Liljebdck et al. (2014) it is shown that the force balance
equation for all links of a USR can be expressed as
mX =D"hy + fx, mY=D"hy +fj. (44)

Furthermore, the acceleration of the CM of the robot is given by

ﬁx 1 eT 0 fx
By|~Nm| 0 e [fj‘ @

By first inserting (36) into (45), then inserting (41) into the result-
ing equation, thereafter inserting (40), and finally (18) and (21), we
obtain the following equation for the acceleration of the CM of the
robot:

i diag(0) 0 Px
by | = MeNe| diag(6) El 5,

diag(6) 0 IKTS,0 — V,
~ M,N . . 46
PP 0 diag(@) || —IK'C,0 — Vv, (46)

IKT (C40?% +S,0) [fox
-M . .. MyE
olo IKT (5,602 —C ) | TP [f.,y}’

where fp, =], +f] and fpy = f})y + f}‘)y, and the matrices Mp,
Np and L, are given by:

1
M my My Nm+e'Sipe  —e’SyCoue
P My M Bl 7eT59C9 ne

Nm +e"C} e

(47)

e’s,C e’s;

N. — 0 ;‘)M o M ’ (48)
—eTCQIL —e759C9u

K=A"(DD") D, (49)

e'Siu —eTS,Cop

L, = ) . (50)
—e’S,Cyu e'Ciun

Additionally, the torque balance equation is given by

J0 =D"u—IS;AThy + IC,AThy + T, (51)

where J = JIy and 7 is given by (43). The joint constraint forces can
be obtained by multiplying (44) by D and solving for hy and hy:

hy = (DD")"'D(mX — fy)
(52)
hy = (DD")"'D(mY — fy).

By inserting (52), (21) and (36) into (51), we get
(J + mI2SyVSy + mI2CyVCy )0 — (—mI2SyVC, + mI2CyVS, )62
= DTu — mlSQKeﬁx + mICQKeﬁy + ngKfo — ngKfAy

+ 159 Kfpx — ICQ Kfpy + 7.

(53)

Finally, by inserting (41), (46) and then (43) into (53), we are able
to express the rotational equation of motion of the robot as fol-
lows:

My + W02 +V, ;0 + N, ; (epy — Vi) + P, ;(epy — V)
+ Kxfpx + Kyf[)y = DTll, (54)
where u e RN-1 is the control input, and the matrices Mg, Wy,

V4 Ny g Py g Kx and Ky are given by:

My = J + mI2S,VSy + mI?CyVCy — ISyKA; + ICoKA4 + IK5K,KTSy

— IKsK;K"C + IKgK3KSy + IKgK4K'Cy + A4
(55)

Wy = mI?SgVCy — mI*CyVSy — ISy KA, + IC,KA5 + IKsK K" Cy

+ IKsK,KTSy + IKgK3KT €y — IKgK4K'Sy
(56)

V, ; = —ISgKdiag(0)As + ICoKdiag(0)As — IKsKzdiag(9)K'S,
— IKsK;diag(0)K"Cy + IKgK4diag(0)K'S,

— IKgK3diag(0)K'Cy + A, + Asdiag(|0])
(57)

Ny 5 = (ISgKSyCypt + ICoKCE s — KsK; + l(slq)diagé (58)

P, ; = (ISyKSF st + ICyKSyCy pt + KsKy + 1(51(3)diag(9) (59)
where
Ky = —ISyK — Ksmy e — Kgmyie”, Ky = ICiK — Ksmy,e”

— Ksgmyye!

Ay = —IS;pK'Sy — 1S4CouK'Cy, Ay = —ISE K Cy
+1SyCouK'S,

As = —ISyCouK'Sy +IS2uK'Cy, Ag = ISyCy uK'S, + IC3 K™ Cy

As = IS;CouK'Cy — ICZ uK'Sy, Ag = IC3uK'S, — 1S4Cy K" Cy

Ky = mpe'Sip —mppe’SyCop, Ky = —myie’S,Copt
+mpe’Cip

K3 = mye'SGp — mpe’SyCopt, Ky
= mye"SyCyp — mpe' Cop

Ks = —miSyKe — ISgKS2 we — IC,KS,Cope

K¢ = mICyKe + IS;KS,Cp pre + ICoKC3 e

. T
By defining the state variable x = | 67, p{,,. 67, ﬁEM] € R2N+4

we can rewrite the model of the robot compactly in state space
form as

. . T
x = [0, Bl 07, L] =Foxw), (60)

where the elements of F(x, u) are found by solving (46) and
(54) for pcy and 6, respectively.
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Fig. 8. Visualization of a ten link underwater snake robot motion in any 2D tilted plane.

Remark 6. It is interesting to note that if we, in the dynamic
model (46), (54), set the fluid parameters equal to zero and replace
the drag forces in the x- and y-direction with the ground friction
forces from Section 2.3.1, then the model reduces exactly to the
dynamic model of the snake robot moving on land described in
Section 2.3.2. The underwater snake robot model is thus an ex-
tension of the land-based snake robot model and may be used for
amphibious snake robots moving both on land and in water.

The model can be extended to the case where the snake robot
is not neutrally buoyant and moves in any 2D tilted plane, as
shown in Fig. 8, including both the vertical and the horizontal
plane. Please see Kelasidi, Pettersen, and Gravdahl et al. (2014) for
details.

Furthermore, the model can be extended to allow links of dif-
ferent mass and length, and to include various types of effectors
along the snake robot body, like caudal, dorsal and pectoral fins,
in addition to thrusters like tunnel thrusters and stern propellers
(Kelasidi, Pettersen et al., 2017).

3. Analysis of locomotion: how to move forward

In this section we will see that if the friction or drag force
coefficients are larger in the sideways (normal) direction than in
the longitudinal (tangential) direction of the robot links, the snake
robot can achieve forward propulsion by continuously changing its
body shape to induce either ground friction forces or hydrody-
namic drag forces that propel the robot forward. Biological snakes
have this friction/drag property (Bauchot, 1994).

3.1. Controllability with isotropic friction or drag forces

We begin by analyzing the controllability of the snake robot
when the ground friction forces, or drag forces when moving un-
derwater, are isotropic, i.e. ¢; = ¢, = ¢ in (27) and (37), (38).

Theorem 1. Consider the snake robots described in Section 2.

+ A snake robot moving on a flat horizontal plane, influenced by
isotropic viscous ground friction, is not controllable.

- A snake robot moving in a virtual horizontal plane underwater, in-
fluenced by isotropic drag forces, and with negligible added mass
and non-linear drag effects, is not controllable.

Proof. A nonlinear system is called controllable if there exist ad-
missible control inputs that will move the system between two
arbitrary states in finite time (Nijmeijer & Schaft, 1990). When
¢t = cp the equations of motion take on a particularly simple form
that enables us to study controllability through inspection of the
equations of motion. First, consider the case when the snake robot
moves on land. From (28b), the acceleration of the CM of the snake
robot moving on land is given as

N
, frxi
B 1 e 1 |5
5| = N erg, | = N | : (61)
Y Ry > ARy
i=1
By inserting (22) into (61), the CM acceleration of the robot is
given as

N .
—Npx + (ZO’,’)S@G
i=1

AR A
Dy Nm —Np, — (%a,-)c(gé mLpy
i-1

because it can be shown that %a,- =0.
i=1

To control the position, the snake robot must accelerate its CM.
From (62), it is clear that the CM acceleration is proportional to the
CM velocity. If the robot starts from rest (pcy = 0), it is therefore
impossible to achieve acceleration of the CM. The position of the
robot is in other words uncontrollable in this case.

When the snake robot moves underwater, under the assump-
tion that the added mass and non-linear drag effects are negligible,
the acceleration of the CM is given by

Bl 1 [e¢'fb,

by |~ Nm | eTfl, | (63)
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with the drag forces given by (37):

Y aCy  —anSy | [V, o
f[[)y - CtSQ CnCQ Vry ’ ( )

By using (39) and then (18), and that the drag forces are isotropic,
i.e. cnp = ¢ = ¢, we find that

[ B ¢ | =N(px = Vi) — eTIKTS, 0
By | NM| NGy~ V) + eTIKTC,6 |

By manually investigating the structure of each row, cf. (19), and
N

(65)

again using that ) o; = 0, we then have that
i=1

Bl [P
By| T m|By -V (66)

We see that if the velocity of the robot’s CM equals the ocean cur-
rent velocity, i.e. if the robot drifts along with the current, then the
right-hand side is zero and it is impossible to achieve an acceler-
ation of the CM. Consequently there exist no admissible control
inputs that will move the system from this state to an arbitrary
other state, and the system is thus not controllable. O

Remark 7. Negligible added mass effects is a common assumption
for slowly moving underwater vehicles (Fossen, 2011). In particular,
it is an assumption that is frequently made for bio-inspired robots
(Colgate & Lynch, 2004; Mclsaac & Ostrowski, 2003; Wang, Chen, &
Tan, 2013). Furthermore, the quadratic terms of the nonlinear drag
effects will be negligible for slowly moving robots.

Remark 8. The result agrees with studies of aquatic swimming an-
imals. These have shown that there are three dominant mecha-
nisms that are responsible for the propulsion of aquatic animals:
drag forces, added mass forces and forces due to lift effects. Fur-
thermore, it is shown that the drag forces are dominant for the an-
guilliform swimmers, i.e. for flexible elongate aquatic animals like
snakes and eels (Sfakiotakis, Lane, & Davies, 1999).

Theorem 1 is an extended version of Liljeback et al. (2013, The-
orem 4.4).

3.2. Propulsive forces with anisotropic friction and drag

In Section 3.1 we saw that anisotropic ground friction forces
are necessary for controllability when the snake robot moves on
land. Furthermore, we found that when the snake robot swims
underwater, something which will entail relatively low velocities
such that added mass and higher-order drag effects are negligible,
we need anisotropic drag forces in order to efficiently control the
snake robot.

Snake robots should, therefore, be designed such that they have
this anisotropic friction/drag property. For snake robots moving on
land, this can be achieved by equipping each link of the robot with
passive wheels, or mounting edges, or grooves, that run parallel to
each link on the underside of each link (see e.g. Saito et al., 2002).
For snake robots moving in water, on the other hand, the robot
can have a completely smooth outer surface, and it will still have
this anisotropic drag property due to its prolonged shape which
produces higher drag forces in the direction normal to each link
compared to in the tangential link direction (see e.g. Boyer et al.,
2006; Mclsaac & Ostrowski, 2003).

In the following, we will analyze the forces acting in the
forward direction of the snake robot, to identify how and why
anisotropic friction/drag provides propulsive forces. Without loss of
generality, we assume that global coordinate system is positioned

Sideways
link velocity

- —

Forward
direction

Forward
link velocity

Fig. 9. Kinematic variables the in forward and sideways direction of the snake
robot.

such that the forward direction of motion is along the global posi-
tive x-axis, i.e. such that |0;| < /2, Vie[1, N]. From (28b) and (27),
we find that the total force acting on the snake robot in the for-
ward direction when moving on land is

Forop= Nm iy = € =—e'((c(Co)*+cn(Sp )X + (ct —Cn)SpCpY)

(67)

i.e.

N N
Fprop = —ZFX(Qi)Xi_ZFy(ei)Yiv (68)

i=1 i=1
where
Ec(6;) = ¢t cos? 0; + ¢, sin’ 6;, (69)
F,(6;) = (¢t — ¢q) sin6; cos b;, (70)

and where we recall from Section 2.2 that the angle 6; of link i is
expressed with respect to the global x-axis, cf. Fig. 9. We see from
(68) that Fyrop consists of two components, one involving the linear
velocity of each link in the forward direction of motion, F(6;)x;,
and one involving the linear velocity normal to the direction of
motion, F,(6;)y;. Due to the negative signs in (68), the products
E(6;)X; and F,(0;)y; provide a positive contribution to the propul-
sive force only if they are negative. Since the friction coefficients,
¢ and ¢y, are always positive, the expression Fy(6;) given by (69),
is obviously always positive. We assume that the snake robot mo-
tion does not involve x-direction velocity opposite to the direction
of motion for any of the links. When the snake robot moves in the
forward direction (px > 0) we, therefore, have that x; > 0, which
means that the product F(6;)x; of the propulsive force is always
positive. This product is, therefore, not contributing to the forward
propulsion of the robot, but rather opposing it. This is as expected
since the friction acts in the opposite direction of the direction of
motion.

Any propulsive force in the forward direction of motion must,
therefore, be produced by the sideways motion of the links, i.e. the
product F,(6;)y;. We see from (70) that if c, = ¢, then F,(6;) =0,
and consequently there exist no propulsive forces driving the snake
robot forward, which complies with the controllability result in
Theorem 1. However, when ¢, > ¢, it can be seen from (70) that
E,(6;)y; is negative (the sideways motion of link i contributes to
the propulsion) as long as sgn (6;) = sgn (y;) (Liljebdck et al., 2013).
This is achieved when the snake robot moves according to an un-
dulatory motion pattern, which will be discussed in Section 3.3.
The above analysis can be summarized in the following theorem
and property (see Liljebdck et al., 2013 for further details):

Theorem 2. Consider snake robots that move on land, described by
(30). If cn > ct, sideways motion of link i contributes to the propulsion
of the snake robot if sgn (6;) = sgn (¥;).

Property 1. For a snake robot described by (30) with ¢, > ¢, the
magnitude of the propulsive force produced by link i, Fpmp‘i|, is
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increased by increasing the ratio % or by increasing the magni-
tude of the sideways link velocity, |y;|, or by increasing |6;| as long

as |6;] <45e.

For underwater snake robots, it is not straightforward to obtain
results that are analogous to Theorem 2, because added mass ef-
fects, nonlinear drag, and ocean currents complicate the structure
of (68) significantly. However, with additional assumptions regard-
ing the gait pattern, it is possible to obtain a similar result, as will
be shown in the next section.

3.3. Undulatory locomotion

We have seen in Section 3.2 that if the snake robot moving on
land has the anisotropic friction property c, > c;, then propulsive
forces driving the snake robot forward are generated if sgn (6;) =
sgn (¥;). This is achieved when the snake robot follows an undula-
tory gait pattern (Liljebdck et al., 2013). An undulatory gait pattern

can be generated by requiring each link angle, ¢;, i € {1,...,N -1},
to follow the reference signal
Pirer(t) = ag(i, N) sin (ot + (i — 1)3) + ¢o. (71)

where « is the maximum amplitude, w is the frequency, § is the
phase shift between adjacent joints, and ¢ is a constant offset
that induces turning motion (Saito et al., 2002). The function g:
R~ [0, 1] scales the amplitude of the joints. For instance, g(i, N) =
1 gives the motion pattern lateral undulation, while g(i, N) = 1’\,"—;’
gives eel-like motion (Kelasidi, Pettersen, Gravdahl, Liljebédck et al.,
2014).

In Liljebdack et al. (2013) it is shown that anisotropic ground
friction gives the robot the controllability property locally strongly
accessible from any equilibrium point, except from certain singular
configurations. These singular configurations are shapes where all
the relative joint angles are equal, i.e. ¢; =--- = ¢y_1. This sup-
ports including the phase shift § in the undulatory motion pattern
(71).

The gait pattern (71) has the property that the sign condition
of Theorem 2 always holds. It was furthermore shown in Kohl, Ke-
lasidi, Pettersen, and Gravdahl (2015) that it has an additional im-
portant property for underwater robots: the sign of the force com-
ponents due to added mass and the current component in the y-
direction alternate along the body. This means that when taking
the sum of the forces that act on all links, these terms will can-
cel each other, except for a small remainder that can be treated
as a disturbance. If the gait has certain symmetry properties, they
will even be canceled completely. Furthermore, the gait pattern
(71) leads to slow motion, which is why non-linear drag effects do
not significantly contribute to the propulsion. This is summarized
in the following theorem which states that the undulatory gait pat-
tern (71) gives forward propulsion when the snake robot moves
underwater if the drag coefficients satisfy ¢, > c; (see Kohl, Kela-
sidi et al., 2015 for further details):

|

Theorem 3. Consider underwater snake robots, described by (60). If
cn > c¢ then the undulatory gait pattern (71) gives a sideways motion
of link i that contributes to the propulsion of the snake robot. Further-
more, the ocean current contributes to propulsion if it has a positive
x-component, while it opposes propulsion if the x-component is nega-
tive.

4. The control-oriented model: modeling undulatory
locomotion

The mathematical models from Section 2 are complex, and we
will in this section show that an observation about the nature of
undulatory locomotion allows us to develop simpler models. These

Direction of
U motion

Fig. 10. The snake robot is modeled as a series of prismatic joints that displace the
CM of each link transversal to the direction of motion.

models capture the essential behavior of snake robots during un-
dulatory locomotion and are well-suited for analysis and control
design.

In Section 3.2 we saw that it is the sideways motion (transver-
sal to the direction of motion of the robot) of each link that makes
the snake robot move forward, something which is obtained by an
undulatory motion pattern. In particular, lateral undulation mainly
consists of link displacements that are transversal to the direction
of motion (Liljeback et al., 2013, Property 4.8). So during undula-
tory motion, it is the sideways motion of each link that produces
propulsion. This insight motivates us to model the sideways mo-
tion of each link instead of the rotational motion of each joint. In
this way, we capture the essential behavior of the robot, which is
its propulsion, when designing controllers for path following.

Modeling the transversal link displacements instead of the ro-
tational joint motion, corresponds to modeling the snake robot as
a series of prismatic (translational) joints instead of revolute joints,
see Fig. 10. Correspondingly, we now define the sideways displace-
ment of the center of mass of each link as new state variables.

Assumption 4. The snake robot moves using an undulatory gait
pattern.

Assumption 5. The joint angles of the snake robot are assumed to
be small, and the joints can thus be modeled as prismatic joints.

Remark 9. Assumption 5 is a valid assumption for all joint angles
¢; < 45deg, and the smaller the joint angles are, the better is the
accuracy of the approximation.

Remark 10. Note that the control-oriented models presented in
this section are not intended as accurate simulation models of
snake robot locomotion. The models are intentionally based on the
simplifying Assumption 5 to capture the essential dynamics of the
robot during undulatory locomotion, to arrive at equations of mo-
tion that are well-suited for control design and stability analysis
purposes. To this end, the model only needs to be qualitatively sim-
ilar to the mathematical models in Section 2.

Furthermore, to ensure that an undulatory gait pattern leads
to propulsion, the following assumption must be made, as seen in
Section 3:

Assumption 6. The friction/drag coefficients satisfy c, > c;.

4.1. Notations

When describing the kinematics and dynamics of the control-
oriented model, we will use the mathematical symbols outlined in
Table 2 and illustrated in Figs. 11 and 12.

In addition to notation defined in Section 2.1, we define the
summation vector € =[1,...,1]" e RN-! for adding all elements
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Table 2
Parameters that characterize the snake robot.
Symbol Description
N Number of links.
1 Length of a link.
m Mass of each link.
bi Normal direction distance between links i and i+ 1.
Vg, i Relative velocity between links i and i+ 1.
Orientation of the snake robot.
Vg Angular velocity of the snake robot.
(&, n;) Coordinates of the CM of link i in the t — n frame.
(pt, Pn) Coordinates of the CM of the robot in the t — n frame.
(px Dy) Coordinates of the CM of the robot in the global frame.
(ve, vn) Forward and normal direction velocity of the robot.

u; Actuator force at joint i.
(fg xi» fr y, i)  Friction force on link i in the global frame.
(fe o fo, i) Friction force on link i in the t — n frame.

\n

(px,py)u

Fig. 11. Illustration of the two coordinate frames employed in the control-oriented
model. The global x — y frame is fixed. The t — n frame is always aligned with the
snake robot.

Vn

(Pt:Pn) (tis1,Nie1)

(ti1,ni1) b
n Uitk | Qi thn’i I

i1«

o ft| l- i=ht,i

t

Fig. 12. Parameters characterizing the kinematics and dynamics of the snake robot.

of (N — 1)-dimensional vectors, and the matrix D = DT(DDT)_1 €

RNx(N-1)

We consider a planar snake robot with N links of length [ inter-
connected by N — 1 motorized prismatic (translational) joints. Note
that we denote the total link length in the control-oriented model
by I, whereas the total link length in the model in Section 2 was
21 for notational convenience.

We define the motion of the robot with respect to the two co-
ordinate frames illustrated in Fig. 11. The x — y frame is the fixed
global frame. The t — n frame is always aligned with the snake
robot, i.e. the t- and n-axis always point in the tangential and nor-
mal direction of the robot, respectively. The origin of both frames
are fixed and coincide. We will denote the direction of the t-axis as
the tangential or forward direction of the robot, and the direction of
the n-axis as the normal direction. Note that we do not refer to the
t — n frame as the body frame of the snake robot since the t — n
frame is not fixed to the robot. However, if a body frame fixed to

the robot had been defined, the orientation of this frame would be
identical to the orientation of the t — n frame.

The position of the snake robot is described through the coor-
dinates of its center of mass. As seen in Figs. 11 and 12, the global
frame position of the robot is denoted by (px, py) € R?, while the
t — n frame position is denoted by (p;, pn) € R%. The global frame
orientation of the robot is denoted by 6 € R and is expressed with
respect to the global x axis. The angle between the global x-axis
and the t-axis is also 6 since the t — n frame is always aligned
with the robot. Describing the position in a frame which is always
aligned with the snake robot is inspired by and similar to a coor-
dinate transformation proposed in Pettersen and Egeland (1996).

We denote the t — n frame position of the CM of link i by
(t;,n;) € R%. The N — 1 prismatic joints of the snake robot control
the normal direction distance between the links. As seen in Fig. 12,
the normal direction distance between link i and link i + 1 is given
by

@i =Ny — 1y, (72)

and represents the coordinate of joint i. The controlled distance
¢; replaces the controlled joint angle in the original model from
Section 2.2

Remark 11. The state ¢; of joint i in the control-oriented model is
a translational distance, while the state ¢; of joint i in the model in
Section 2 is a joint angle. In the control-oriented model we, there-
fore, refer to ¢; as a joint coordinate instead of a joint angle.

4.2. The kinematics and dynamics of the snake robot moving on land
In Liljebdck et al. (2013, Chapter 6) it is shown that under

Assumptions 4-6 the control-oriented kinematics and dynamics of
snake robots moving on land with viscous friction can be written

¢ =V, (73a)

0 = vy, (73b)

Dx = U €C0S6 — vy Sind, (73¢)

Py =V sinf + v, cos b, (73d)

o — Sy %, ADTé 4+ LpDT

Vg = mv¢+mvtAD ¢+mDD u (73e)

9 = —A1Ug + A2 ve ¢ (73f)
N-1 ’

T ﬁv g C—pqSTAﬁv (73g)

T Tm Nm™" Nm ¢

. 2

Uy = ——vn+ﬂve ¢, (73h)

where u € RN-1 are the actuator forces at the joints, A, D, D, and
e are defined in Section 2.1 and at the beginning of Section 4, c;
and c, correspond, respectively, to the tangential and normal di-
rection friction coefficient of the links in the mathematical model
of the snake robot in Section 2.3, ¢p = ¢, and A; and A, are
positive scalar constants which characterize the rotational motion
of the snake robot.
We choose the state vector of the system as

T
X =[@".0, px. Py, Vs, Vg, Ve, U] € RPN, (74)
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where ¢ € RN-1 are the joint coordinates, 6 € R is the absolute
orientation, (py, py) € R? is the global frame position of the CM,

= ¢ € RN-T are the joint velocities, vy = 6 e R is the angular ve-
locity, and v and v, are the tangential and normal direction veloc-
ity of the snake robot, respectively.

Similar to the partial feedback linearization performed for the
model in Section 2, we will usually assume that the actuator forces
of the control-oriented model are set according to the linearizing
control law
u-= m(DDT)’1< g UtADT(b) (75)
where @ = [i;,....7y_1]" e RV-1 is a new set of control inputs.
This control law transforms the joint dynamics (73e) into

V=10 (76)

4.3. The kinematics and dynamics of the snake robot moving
underwater

For the control-oriented model, higher order damping terms
will be disregarded since these higher order nonlinearities com-
plicate the analysis and corresponding control design, and at the
same time they are helpful, stabilizing terms during locomotion.
We would therefore not want to cancel these out through control
design, but rather keep their stabilizing effect. Furthermore, the ve-
locity of the robot during undulatory locomotion is relatively low,
especially for small link angles, which also makes the linear drag
forces dominate the higher order drag forces. We, therefore, make
the following assumption:

Assumption 7. The nonlinear drag forces (38) are negligible during
undulatory locomotion.

Furthermore, since the snake robot moves relatively slowly dur-
ing undulatory locomotion, as discussed in Section 3.1, Remark 7,
it is a valid assumption that the added mass effects are negligi-
ble. This assumption further simplifies the control-oriented model,
while capturing the effects that are significant for control design.

Assumption 8. The added mass effects are negligible during undu-
latory locomotion.

The kinematics and dynamics of swimming snake robots that
satisfy Assumptions 1-8 can be described by the control-oriented
model (Kohl, Pettersen, Kelasidi, & Gravdahl, 2015)

(i) =Vy, (77a)
6 = vy, (77b)
Dx =V cos6 — v, sinb, (77¢)
Py =V sinf + vy cos O, (77d)
Uy = ——v¢ 46 vt oAD" @ + DDT (77e)
Vg = —AVp + %vml?(b, (77f)
=~ L+ 2P0, ' T GTADY,, (77g)

Cn

. 2¢p
Un = mvn rel + Nm Vt rel€ ¢ (77h)

The ocean current disturbance enters the above equations
through v, ; and v, o, which are the relative velocities in the
body-aligned frame. They are obtained by

Ut,rel . Ve 3 Vt
|:vn4reli|_|:vni| [Vn}’ (78)

where V; and Vj, denote the ocean current velocities in the body-
aligned frame, i.e.

V. cosf  sinf v,
[Vn:| ~ | —sinf cosé [Vy:|’ (79)
where Vy and V), are given by Assumption 3.

We see that the structure of this model is the same as for the
snake robot moving on land (73). The friction coefficients when
moving on land play the same role as the drag parameters when
moving underwater. The additional feature of (77) is that it takes
into account the disturbances from ocean currents.

It is verified by analysis and experiments in Liljebdck et al.
(2013, Chapter 6), Kohl, Pettersen et al. (2015) and Kohl, Kela-
sidi, Pettersen, and Gravdahl (2017) that the control-oriented mod-
els (73) and (77) are valid representations of the snake robot dy-

namics for motion on land and underwater, respectively, when the
joint angles are small.

5. How to choose the gait pattern parameters for undulatory
locomotion

From Section 3 we know that under Assumption 6 the undula-
tory gait pattern generated by the reference signal (71):

Girer(t) = ag(i, N) sin (ot + (i — 1)8) + o,

will make the snake robot move forward. In this section we ad-
dress the question of how to choose the gait parameters «, @ and
8. In particular, we want to understand the relationship between
these gait parameters and the forward velocity.

5.1. Relationship between the gait parameters and the forward
velocity

The joint motion following (71) is time-periodic, and this sug-
gests that there is some average effect of the joint motion that
propels the robot forward. We, therefore, use averaging theory
(Sanders, Verhulst, & Murdock, 2007) to study the average effect
of the joint motion during undulatory locomotion, applied to the
control-oriented models from Section 4. This analysis reveals prop-
erties of undulatory snake robot locomotion that are both funda-
mental and useful from a motion planning perspective. In partic-
ular, we see that the average velocity of a snake robot during un-
dulatory locomotion converges exponentially fast to a steady-state
velocity, and an analytical expression is given for calculating this
steady-state velocity as a function of the gait pattern parameters.

5.1.1. Snake robots moving on land

In this section, we consider snake robots that move on land
using lateral undulation, i.e. according to the reference signal
(71) with g(i, N) = 1:

Girer(t) = crsin (ot + (i = 1)8) + ¢o, (80)
We assume that the joint offset ¢ is constant so that

Bie(t) = ag(i, NYw cos (ot + (i — 1)8),

Girer(t) = —ag(i, NYow? sin (ot + (i — 1)3),
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It is shown in Liljebdck et al. (2013, Chapter 7) that under the con-
dition that (please note that there was a typo in the original ex-
pression):

ol < sy L2, (82)
the average velocity, vqy, will converge exponentially to the steady
state velocity

Ncncp
2(cnctN2—4(N-1)2c2¢2)

capo(N-1)

P

cnCtN2—4(N—-1)2c2 g2 (83)
Neacprago

221 (cnC:N>—4(N-1)2c3h2)

v = awks

Averaging theory gives that for sufficiently large frequencies w, the
average velocity of the snake robot will approximate the exact ve-
locity v = [v; vy vy]T given by (73f)-(73h). This is summarized in
the following theorem (see Liljeback et al., 2013 for further de-
tails):

Theorem 4. Consider a snake robot described by (73). Suppose the
joint coordinates ¢ are controlled in exact accordance with (80) and
(81), and that the joint coordinate offset ¢, satisfies (82). Then there
exist k>0 and w* > 0 such that for all w > w*,

[[v(t) — vy ()] < g for all t € [0, 00), (84)
Furthermore, the average velocity vay(t) of the snake robot will con-
verge exponentially fast to the steady state velocity v* given by (83).

Theorem 4 is a powerful result. First of all, it proves mathemati-
cally that lateral undulation enables a snake robot with anisotropic
ground friction properties to achieve forward propulsion (under
the assumption that the body shape motion is modeled as trans-
lational link displacements). Second, the result gives an analytical
expression for the steady state velocity as a function of the con-
troller parameters «, w, §, and ¢,, i.e. the amplitude, frequency,
phase shift and offset of the joint motion during lateral undulation.
This information is relevant for motion planning purposes. We can
for example immediately see from (83) that the steady state ve-
locity of the snake robot when it conducts lateral undulation with
zero joint offset (¢ = 0) is given by v} = %aza)kg, v =0, and
v; =0, ie. that it moves in a straight line along the global x-axis.
A final powerful feature of Theorem 4 is that it applies to snake
robots with an arbitrary number of links N. The relationship be-
tween the gait parameters and the average forward velocity of the
snake robot can be summarized as follows:

Corollary 1. Consider a planar snake robot with N links modelled by
(73) and controlled in exact accordance with (80) and (81). The aver-
age forward velocity of the snake robot will converge exponentially to
a value which is proportional to:

- the squared amplitude of the sinusoidal joint motion, o2,
- the angular frequency of the sinusoidal joint motion, w,
« the function of the constant phase shift, 5, between the joints given
by
N—1N-1
ks =Y aijsin((j — 1)), (85)

i=1 j=1
where a;; denotes element ij of the matrix AD.

By using (85), the phase shift § that maximizes the forward ve-
locity of the snake robot can be found. In Liljebdck et al. (2013) the
optimal § is seen to be a decreasing function of the number of
links N. The results in this section are validated by simulations and
experiments in Liljebdck et al. (2013, Chapters 7.7-7.9)

5.1.2. Snake robots moving underwater

In this section, we consider snake robots that move underwa-
ter using undulatory locomotion according to the general refer-
ence signal (71). In particular, the velocity dynamics of the control-
oriented model (77) whose joints follow (71) is analyzed using av-
eraging theory.

It is assumed that the joint offset ¢ is constant so that (81) is
satisfied. Following the same approach as in Section 5.1.1, it is
shown in Kohl, Pettersen et al. (2015) that under the assumption
that

|¢0| < Z(NN,]) (C:,;Q’ (86)

and V; and Vj,, are constant, the average velocity, vgy, will converge
exponentially to the steady state velocity

Ncncp
2(cactN2—4(N—-1)2c2¢2) Vi
. 2 o (N—1)
V =« Cl)k(s m + Vn s (87)
Ncncpratho 0

201 (e N>—4(N-1)2C22)

Averaging theory gives that for sufficiently large frequencies w, the
average velocity of the snake robot will approximate the exact ve-
locity v = [v; v, V9] given by (77f)-(77h). This is summarized in
the following theorem (see Kohl, Pettersen et al., 2015 for further
details):

Theorem 5. Consider a snake robot described by (77). Suppose the
joint coordinates ¢ are controlled in exact accordance with (71) and
(81), and that the joint coordinate offset ¢, satisfies (86). Then there
exist k>0 and w* > 0 such that for all w > w*,

k

IV (E) = va (O] < 5‘ for all ¢ e [0, 00), (88)

Furthermore, the average velocity va,(t) of the snake robot will

converge exponentially fast to the steady state velocity v* given by
(87).

Note that the presence of ocean currents does not influence the
stability properties of the snake robot, but shifts the equilibrium of
the velocity dynamics. Moreover, by subtracting the ocean current
velocities from both sides of (87) we see that the average relative
velocities v; ] and v, o (78) converge to the same values as the
average velocities of the snake robot moving on land (83).

Theorem 5 thus proves mathematically that the general lateral
undulation given by (71) enables a snake robot moving underwater
with anisotropic drag forces to achieve forward propulsion (again
under the assumption of small joint angles which can be modeled
as translational link displacements). It also makes it possible to an-
alyze a scenario that is particularly interesting for motion planning
purposes: steady state motion with zero offset ¢g = 0, which will
be shown to be motion in a straight line.

By inserting ¢g = 0 into (83) and subtracting the current veloc-
ities from both sides, the expression

* 2 C

1/t,rel o wks ZC[pN

Vn rel 0 (89)
vy 0

is obtained. It can easily be seen that the relative velocity normal
to the robot’s orientation is zero, as is the rotational velocity. This
means that the robot moves in a straight line, with its absolute
normal velocity equal to the normal current velocity. For the for-
ward velocity, the following property can be derived from (89):

Corollary 2. Consider an underwater snake robot with N links de-
scribed by (77) and controlled in exact accordance with (71) and (81).
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For w > w* and sufficiently small ¢ for (86) to hold, the average rela-
tive forward velocity of the robot will converge exponentially to vf .
which is proportional to

- the squared amplitude of the joints, a2,
« the frequency of the gait, w,
« a function of the phase shift 8, which is given by

N-1N-1

k=3 D augg(i) sin((j — )8). (90)

i=1 j=1

This result extends the findings of previous studies: In
Mclsaac and Ostrowski (2003) it was shown that the averaged for-
ward dynamics of a three- and a five-link eel-like robot are cap-
tured by a function proportional to the squared amplitude, fre-
quency, and a sum of sinusoidal functions. It also extends the re-
sult from Section 5.1.1 where the special case of lateral undula-
tion, yielding g(i, N) = 1, and without disturbances like ocean cur-
rents, was investigated. Similarly as pointed out in Section 5.1.1,
Corollary 2 provides a powerful tool for motion planning: an in-
crease/decrease of the relative forward velocity can be invoked by
using « or w as a control input. Furthermore, the controller can be
optimized by finding the optimal phase shift § that maximizes k;
for the given number of links and choice of gait.

Kelasidi, Liljebdck, Pettersen, and Gravdahl (2015) experimen-
tally validated the empirical properties that were derived for un-
derwater snake robots based on a simulation study in Kelasidi, Pet-
tersen, and Gravdahl (2015), and the experimental results are also
in agreement with the properties presented here.

5.2. Relationship between the gait parameters, the forward velocity
and power consumption

In Kelasidi, Jesmani, Pettersen, and Gravdahl (2016) a multi-
objective optimization problem was formulated to investigate how
to choose gait parameters to maximize the forward velocity and at
the same time minimize the power consumption of snake robots.
The analysis was performed using particle swarm optimization to
obtain optimal gait parameters for the gait patterns lateral un-
dulation and eel-like motion. The analysis was conducted using
the model of underwater snake robots presented in Kelasidi, Pet-
tersen, Liljebdck et al. (2014), and although some added mass
terms were not included in this model, the results are expected to
hold also for the model presented in Section 2.4 since the added
mass effects are negligible at low speeds, cf. Remark 7. Further-
more, since the model for snake robots moving on land falls out as
a special case when the added mass effects are zero, and the drag
forces are replaced by friction forces (cf. Remark 6), the qualitative
results are expected to hold also when the snake robots move on
land.

The analysis in Kelasidi, Jesmani et al. (2016) shows that there
is a clear trade-off between the forward velocity and the power
consumption, as should be expected. In particular, the maximum
power is consumed in the cases that achieve maximum velocity.
Furthermore, the Pareto front analysis illustrates that the power
consumption of the robot can be decreased significantly by a mi-
nor reduction in the forward velocity for certain choices of gait
parameters. For the particular snake robot considered in the simu-
lations, a 44.75% decrease is achieved in the power consumption
while the forward velocity is only reduced by 3.57% for a par-
ticular choice of gait parameters for lateral undulation. A similar
reduction is also shown for eel-like motion. The multi-objective
analysis and corresponding Pareto fronts, therefore, constitute a
useful tool for choosing optimal gait parameters in the control
design.

6. Snake robot control

From Section 3 we know that under Assumption 6 an undu-
latory gait pattern will make the snake robot move forward, and
from Section 5 we know how to choose the gait parameters. The
next question is then how to design a control law to make the
robot not only move forward but follow the desired path.

6.1. Path following control

We consider the path following control objective of making the
snake robot converge to a desired straight line path and subse-
quently progress along this path. Without loss of generality, we
align the global x-axis with the desired path, such that the position
of the robot along the global y-axis, py, corresponds to the short-
est distance from the CM of the robot to the desired path (i.e. the
cross-track error). Then the orientation of the robot, 8, which was
defined in (8), is the angle that the robot forms with the desired
path. The control objective is thus to regulate py and 6 so that they
oscillate about zero, i.e. so that their trajectories trace out a limit
cycle containing (py =0,0= 0) in its interior. We do not attempt
to regulate p, and 6 to zero since we expect the heading and posi-
tion of the robot to display oscillating behavior during undulatory
locomotion.

From the above discussion, the control problem is to design a
feedback control law such that for all t> t. >0, there exists a T e
[t,t + T] satisfying

py(f) :O’ (91)

O(t) =0, (92)

where t. is some (unknown) finite time duration corresponding
to the time it takes the snake robot to converge to the desired
straight path, and T>0 is some constant that characterizes the
time period of the cyclic gait pattern of the snake robot. In other
words, we require that p, and 6 are zero at least once during each
cycle of the locomotion since this means that p, and 0 oscillate
about zero. Note that we require v;(t) > O for all t > t.

6.1.1. Path following control of snake robots moving on land

For snake robots moving on land, we use the gait pattern lateral
undulation which is generated by requiring each link angle, ¢;, i €
{1,...,N -1}, to follow the reference signal

¢i.ref(t) =asin (wt + (i - 1)8) + ¢0~ (93)

With this gait pattern, the period of the cyclic locomotion consid-
ered in control objectives (91) and (92) will be T = 27 /w.

Line-of-sight (LOS) guidance control In order to steer the
snake robot towards the desired straight path (i.e. the global x-
axis), we define the heading reference angle according to the line-
of-sight (LOS) guidance law

Oref = — arctan (%) (94)
where py is the cross-track error, and A >0 is a design parame-
ter referred to as the look-ahead distance that influences the rate
of convergence to the desired path. This LOS guidance law is com-
monly used during e.g. path following control of marine surface
vessels (see e.g. Fossen, 2011; Fredriksen & Pettersen, 2006). As il-
lustrated in Fig. 13, the LOS angle 6, corresponds to the orien-
tation of the snake robot when it is headed towards the point lo-
cated a distance A ahead of itself along the desired path. The value
of A is important since it determines the rate of convergence to
the desired path. In particular, the value of the parameter A will
influence the transient motion of the robot, giving a well-damped
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Fig. 13. The LOS guidance law.

transient motion for large values of A and large overshoots or even
instability for too small values. When LOS guidance is used for ma-
rine vehicles, a rule of thumb is to choose A larger than twice the
length of the vehicle (see e.g. Fossen, 2011).

The joint offset angle ¢, can be used to control the direction of
the locomotion, and we, therefore, conjecture that we can control
the heading 6 to follow the LOS angle given by (94), by defining
this joint offset angle as

¢0 = k@ (9— - éref)v (95)

where ky >0 is a controller gain. To make the joints track the re-
sulting reference angles given by (93), we use the feedback lin-
earizing controller from Liljebdck et al. (2013, Chapter 2.8), briefly
described in Section 2.3, and we let the control input @ € RN-1 be
given as

U = kp(irer — P1) — kadh;

where k, >0 and k; > 0 are controller gains.

In Liljebdack et al. (2013, Chapter 5) a Poincaré map analysis
is performed which shows that the control objectives (91)-(92)
are satisfied for snake robots described by the model (31) with
the control law given by (93)-(96). Note, however, that since the
Poincaré map analysis is based on simulations, it holds only for
the given choice of numerical parameters used in the simulations.
To obtain a stability analysis that holds for a general snake robot,
we utilize the control-oriented model described in Section 4.2:

LOS guidance control based on the control-oriented model
From the analysis in Section 3 we know that lateral undulation will
create propulsive forces, and Corollary 1 gives that the resulting
forward velocity is contained in some non-zero and positive inter-
val [Viin, Vmax] that can be scaled based on the gait pattern pa-
rameters. We can thus make the following assumption in the con-
trol design:

i=1,...,N—1, (96)

Assumption 9. The snake robot moving by lateral undulation has
a forward velocity which is always non-zero and positive, i.e.
Ve € [Vinin» Vmax ]V t>0 where Vipax > Vipin > 0.

By Assumption 9, we can consider the forward velocity v; as a
positive parameter satisfying v € [Vinin, Vmax |-

As seen in (73f) and (73h), the joint coordinates ¢ are present
in the dynamics of both the angular velocity vy and the side-
ways velocity v, of the snake robot. This complicates the controller
design since the body shape changes will affect both the head-
ing and the sideways motion of the robot. Motivated by Do and
Pan (2003) and Fredriksen and Pettersen (2006), we see that it is
possible to remove the effect of ¢ on the sideways velocity by per-
forming a coordinate transformation. In particular, we move the
origin of the body-fixed coordinate system a distance ¢ from the
CM along the tangential direction of the robot, to a new location,
denoted the pivot point. The pivot point is where the body shape
changes of the robot (characterized by ET¢) generate a pure rota-

y-—
Fig. 14. Left: The coordinate transformation of the snake robot. Right: the LOS guid-

ance law (108).

tional motion and no sideways force. This coordinate transforma-
tion is illustrated to the left in Fig. 14 and is defined as

Dy = Px +€cosb, (97a)
Py =Py +€sinb, (97b)
Up = Un + €Uy, (97¢)
where € is a constant parameter defined as

=G0 (98)

With the new coordinates given by (97), the model (73) is trans-
formed into

(5 =Vy, (99a)
6 =v,. (99b)
ﬁy =V sinf + vV, cos o, (99c)
v, =Sy, + % yAD"$ + LDDTu (99d)
¢ me® " m m ’
g = —A1Vg + A2 ve ¢ (99e)
N-1 ’
U = XUy + YT, (99f)

where, by Assumption 9, the parameter v¢e[Vi, Vmax] with
Vmax > Vipin >0, and where

Cn
X = E(f —)\,]), (1003)
__ &

The two scalar constants X and Y have been introduced in
(99f) for simplicity of notation. Note also that (73c) is not included
in (99) since we do not consider the time evolution of the position
of the system along the path during path following.

The path following control problem for snake robots described
by the control-oriented model (99), is to design a feedback control
law

u=u(t,@.6,py, Vs VgV, V) € RN, (101)
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such that the following control objectives are reached:

lim p, (t) = 0, (102)
lim () = 0. (103)

Remark 12. The path following control objectives that were given
in (91)-(92) did not attempt to suppress the oscillatory behavior of
the heading and position of the snake robot during undulatory mo-
tion along the desired path. However, since the path following con-
troller proposed in the following is based on the control-oriented
model of the snake robot, it is possible to prove convergence to
zero.

We use the linearizing control law

“1/_ Ch; C
u = m(DD’ (u 16— PyAD ) 104
(DD")" (@ + ¢~ 2uAD ¢ (104)
where @ e RN-1 is a new set of control inputs. This control law
transforms the joint dynamics (99d) into V4 = ¢ =u. To make
the joints track the joint reference coordinates given by (93), we
choose the new control input u to be

u= éref + k% (éref - ¢Z) + kq) (¢ref - ¢)7

where k4 >0 and k% > 0 are scalar controller gains, and @€

RN-1 are the joint reference coordinates given by (93). By intro-
ducing the error variable

¢=0—br. (106)

the joint dynamics given by (99a) and (99d) can be rewritten as
the error dynamics

¢+ ki, @+ kyp = 0,

which is clearly globally exponentially stable.

This implies that the joint coordinates exponentially track the
reference signal given by (93).

We use the LOS guidance law, adapted to the coordinates of the
transformed control-oriented model (99), cf. Fig. 14:

(105)

(107)

Oret = — arctan(%), (108)

To derive the expression for ¢, to control the heading of the
robot, we first rewrite the dynamics of vy given by (99e) with the
new coordinates ¢ in (106), which gives the dynamics of vy as
a function of the joint reference coordinates given by (93). From
(106), we have that ¢ = @..¢ + ¢. By using (93) we can, therefore,
rewrite (99e) as

Vg = =AUy + Aol

)\,2 Nl . . —T7
+N_lvt<i213asm(wt+(1—1)8)+e . (109)
Consequently, choosing ¢, as
1 . .
¢0 = m(eref + )‘-leref - k@ (0 - eref)
A N-1
- N_lvt;oc sin(wt + (i —1)8) |, (110)

where kg >0 is a scalar controller gain, enables us to express the
dynamics of the heading angle 6, which is given by (99b) and
(99e), as the error dynamics

A2

54— )\154- kgg =N UtéT$v

: (111)

where we have introduced the error variable

0 =6 — O (112)

Remark 13. The joint coordinate offset in (110) depends on the in-
verse of the forward velocity v;. This does not represent a problem
since, by Assumption 9, the forward velocity is always non-zero.
When implementing the path following controller, this issue can
be avoided by activating the controller after the snake robot has
obtained a positive forward velocity through lateral undulation.

Remark 14. The error dynamics of the joints in (107) and the error
dynamics of the heading in (111) represent a cascaded system. In
particular, the system (107) peNrturbs the system (111) through the
interconnection term %vtéﬂb.

We have now presented the complete path following controller
of the snake robot. The structure of the complete control system is
summarized in Fig. 15.

By using cascaded systems theory (Panteley, Lefeber, Loria,
& Nijmeijer, 1998; Panteley & Loria, 2001), it is shown in
Liljebdck et al. (2013, Chapter 8.3.6) that the origin of the closed-
loop system is uniformly globally asymptotically stable and locally
exponentially stable under a given condition on the control param-
eter A. In particular, the following theorem is proved:

Theorem 6. Consider a planar snake robot described by the model
(99) and suppose that Assumption 9 is satisfied. If the look-ahead dis-
tance A of the LOS guidance law (108) is chosen such that

|X|< Vmax
As2l(g )
|Y| Vmin

then the path following controller defined by (93), (104), (105), (108),
and (110) guarantees that the control objectives (102) and (103) are
achieved for any set of initial conditions satisfying v¢ € [Vipin, Vmax |-

(113)

Remark 15. Any gait pattern controller that uniformly globally ex-
ponentially stabilizes the error variable (106), i.e. not just the joint
controller proposed in (104)-(105), makes the complete cascaded
system uniformly globally asymptotically and locally exponentially
stable.

Remark 16. As explained in Section 4, the assumptions underly-
ing the control-oriented model are only valid as long as the joint
angles are small. The stability result in Theorem 6 is therefore
claimed only for snake robots conducting lateral undulation with
limited joint angles.

In Liljebdck et al. (2013, Chapter 8.4) it is furthermore shown
how the straight-line path following controller presented above
can be extended to path following also of curved paths.

6.1.2. Path following control of snake robots moving underwater

For snake robots moving underwater, we use the general gait
pattern that encompasses both lateral undulation and eel-like mo-
tion, and which is generated by requiring each link angle, ¢;, i €
{1,...,N -1}, to follow the reference signal

Girer(t) = ag(i, N) sin (wt + (i — 1)) + o.

Also with this gait pattern, the period of the cyclic locomotion con-
sidered in control objectives (91) and (92) will be T = 27 /w.

Integral line-of-sight (ILOS) guidance control

When the snake robot moves underwater, it will be subject to
ocean currents of unknown direction and magnitude, and the path
following controller needs to adapt to this. If we were to use a
pure LOS guidance law, the ocean current would make the robot
drift away from the desired path, giving a stationary cross-track
error. To steer the snake robot towards the desired straight path

(114)
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y f\ We consider the control-oriented model (77) for snake robots
\ (P.-p,) moving underwater. The development of the model-based integral
\ 9 LOS guidance controller is based on the following assumptions:
Oret Assumption 10. The ocean current, v, =

Current
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Fig. 16. The integral line-of-sight guidance law.

(i.e. the global x-axis), we thus define the heading reference angle
by the integral LOS guidance law

2] (py+GYint)

Ot = — arctan x A >0, (115)

Apy
(Py + OYint)? + A2’

Vine = (116)
where py is the cross-track error, while both the look-ahead dis-
tance A and the integral gain o >0 are constant design param-
eters, and y;,, represents the integral action of the guidance law.
Note that the integral LOS guidance law (115)-(116) includes an
anti-windup effect, as y;,; converges to zero when the cross-
track error py is large. The integral LOS path following controller
was proposed for straight path following control of marine sur-
face vessels in the presence of unknown constant irrotational
ocean current (Borhaug, Pavlov, & Pettersen, 2008), Caharija, Pet-
tersen, Sorensen, Candeloro, and Gravdahl (2013). Fig. 16 illustrates
the intuition behind the integral LOS approach: Instead of heading
towards a point that lies a distance A ahead of the robot along
the global x-axis, as for the original LOS approach, the robot is
made to head towards a point that lies a distance A ahead of the
robot along a displaced axis. The displaced axis lies upstream of
the path, and the magnitude of the displacement is proportional to
the integrated cross-track error. The intention is to make the robot
move along the desired path with the crab angle that is necessary
to compensate for the unknown ocean current. In Kelasidi, Lilje-
back, Pettersen, and Gravdahl (2017) a Poincaré map analysis is
performed which shows that path following is achieved, and this is
also validated by experiments. Again these results only hold for the
particular numerical simulation model used in the simulations, and
also for the particular physical snake robot employed in the exper-
iments. To prove that an integral-LOS controller achieves path fol-
lowing for a general snake robot, we will also here use the control-
oriented model:

Integral LOS guidance control based on the control-oriented
model

[Vx, T, is constant and
irrotational in the global frame. It is furthermore bounded by

Vemax = /Vi2 + V2

Remark 17. The ocean current will be slowly varying compared
to the dynamics of the snake robot, and barring turbulent flow,
Assumption 10 is thus a valid assumption.

Assumption 11. The underwater snake robot is moving with some
constant relative forward velocity v, o €[Vpin, Vmax] V t>0,
where Vinax > Vinin > 0.

Assumption 12. The forward velocity is large enough to compen-
sate for the current, i.e. V¢ o > Vinin > Ve, max-

Remark 18. As seen in Corollary 2, when using the general gait
pattern (114) the relative forward velocity converges to a constant
value that can be tuned by the choice of gait parameters o, @
and &, something which makes Assumption 11 a valid assump-
tion. If the robot actuators are not sufficiently strong to achieve
a forward velocity that satisfies Assumption 12, the robot cannot
achieve path following when subjected to ocean currents of this
magnitude.

From the dynamical equations (77f) and (77h) we see that the
joint coordinates ¢ enter the dynamics of both vy and v,. As
pointed out in Section 6.1.1, this complicates the design of the con-
trol system. We, therefore, apply the same coordinate transforma-
tion (97)-(98) as for snake robots moving on land. Furthermore,
the absolute velocities are removed from (77) by inserting the
relations [v;, Un]" = [Up 1o + Vb. Vyrel + ValT, where Vi = Vycosf +
Vysin@, and V;; = —Vysin6 + V) cos @ are the ocean current veloc-
ities expressed in the body frame, and ¥y = Uy, 1o + Vo, with V, =
—V;0 (Fossen, 2011).

By using the transformation (97) and the relative velocities, the
model can be rewritten in the new coordinates as

¢ =v,. (117a)
0 =y, (117b)
Py = Vp.re1 SINO + Uy e COS O + Vy, (117¢)
V=1 (117d)
Vg = —AMVp + n%5Vrrel€ @, (117e)
Vnrel = X + Vo)V + YTy e (117f)
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Fig. 17. The integral LOS guidance law (123).

where X and Y also here are defined as X =€(2 — ;)Y = -4,
By Assumption 11 the relative forward velocity v;  is treated as a
positive time-varying parameter. Furthermore, (77c) is not included
in (117) since the time evolution of the position along the path is
not considered during path following. Furthermore, the linearizing
feedback control law

-1/_ Cn ; C
u=m(OD") " (a+ - Lv, AD'$).

has been applied (Kohl, Pettersen et al., 2015).
Based on the above discussion and model, the path following
control objectives can be stated as follows:

(118)

lim 5y (t) =0, (119)
lim 6/(6) = 6. (120)

The desired heading angle 69 is constant and 09 € (%, Z.). The
equilibrium heading 64 will be non-zero for non-zero ocean cur-
rents, thus providing the necessary crab angle to compensate for
the path transversal current-component, cf. Fig. 16. The magnitude
of the required crab angle 69 will be determined by the magni-
tude of the ocean current, through the integral effect.

Similarly as for snake robots moving on land, we choose the
control input u to be

u= $ref + kvd, (¢ref - ¢> + k¢ (¢ref - ¢)v

where kg >0 and ky » > 0 are scalar controller gains, while ¢.f €

RN-1 for underwater robots are the joint reference coordinates
given by (114). The resulting joint dynamics given by (117a) and
(117d) can be expressed by the dynamics of the error variable

¢ = ¢ - ¢ref:

& + ki, + kyp = 0, (122)

which is clearly globally exponentially stable, such that the joint co-

ordinates exponentially track the reference signal given by (114).
We use the integral LOS guidance law, adapted to the coordi-

nates of the transformed control-oriented model (117), cf. Fig. 17:

(121)

Oref = — arctan (%) (123a)
Vint = Grrayograr (123b)

By similar arguments as for snake robots on land, we choose
the joint offset as

¢0 <9ref + )"léref - kO (9 - Href)

)‘th,rel

N-1
- %vm] >~ ag(i. Ny sin (ot + (i - 1)5)), (124)
i=1

which yields the following error dynamics of the heading angle:
0 + 310 + kol = 220, 1 . (125)

Remark 19. In (124), a singularity will occur when v; ;) = 0. When
implementing the control system, the singularity problem can also
here be circumvented by starting the heading controller after the
snake robot has gained a sufficiently large forward velocity through
undulations.

The structure of the closed-loop system is shown in Fig. 18 and
has a cascaded structure that can be analyzed using cascaded sys-
tems analysis tools. It can then be shown that the following result
holds (Kohl, Pettersen, Kelasidi, & Gravdahl, 2016):

Theorem 7. Consider a fully submerged, neutrally buoyant snake
robot described by (117) that moves in a plane according to (114), and
is exposed to ocean currents. Suppose that Assumptions 10-12 are ful-
filled. If the look-ahead distance A and the integral gain o of the ILOS
guidance law (123) are chosen such that

A > |X|+§/‘|’c.max I:% ‘é‘:?:f“//;nn:::i'g + 1:|’ (‘126a)
0 <0 < Viin — Vemax, (126b)

then the path following controller defined by (114), (118) (121), (123),
and (124) guarantees that the control objectives (119) and (120) are
achieved for any set of initial conditions satisfying V¢ re1 € [Vpin,
Vmax |. Control objective (120) is met with

¢l = —arctan ( ZVY )

2
v

(127)

t.rel

Remark 20. The analysis in Kohl, Pettersen et al. (2016) shows that
any gait pattern controller that uniformly globally exponentially
stabilizes the error variable ¢, i.e. not just the joint controller pro-
posed in (118), (121), makes the complete cascaded system uni-
formly globally asymptotically and locally exponentially stable.

Remark 21. As explained in Section 4, the assumptions underly-
ing the control-oriented model are only valid as long as the joint
angles are small. The stability result in Theorem 7 is therefore
claimed only for snake robots conducting undulatory locomotion
with limited joint angles.

Theorem 7 is experimentally validated in Kohl et al. (2017).

While the LOS path following control for straight paths can be
extended to path following of curved paths for snake robots mov-
ing on land, it is not straightforward to extend the ILOS path fol-
lowing control to curved paths for snake robots moving underwa-
ter. In particular, when the desired path is curved, the path trans-
verse component of the ocean current changes as the robot moves
along the path, and the integral action does not handle this time-
varying disturbance as well as it handles constant disturbances.

6.2. Maneuvering control

For some applications, it is desirable also to control the for-
ward velocity of the robot. Instead of using tuning of the gait pat-
tern parameters based on Section 5, we then include feedback con-
trol of the forward velocity in the control law. Controlling the for-
ward velocity in addition to path following is denoted maneuvering
(Skjetne, Fossen, & Kokotovi¢, 2004).

In Mohammadi, Rezapour, Maggiore, and Pettersen (2015) and
Kohl, Kelasidi, Mohammadi, Maggiore, and Pettersen (2016), a
control strategy is proposed for maneuvering control of land-
based and underwater snake robots. The proposed feedback con-
trol strategy enforces virtual constraints to produce undulatory lo-
comotion. The biologically inspired virtual holonomic constraints
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Fig. 18. The structure of the integral LOS-based path following control system.

(VHCs) come from adapting the reference signal for the single
joints (71) in the following way:

Giret (A, do) = ag(i) sin (A + (i — 1)8) + o, (128)
where A and ¢ are the states of the two dynamic compensators

A=u;, o =uy, (129)

with the new control inputs U, ug,. Note that in (128) the time
signal t no longer appears explicitly. Instead, the dynamic gait
time evolution is governed by the state of the compensators in
(129) and the new inputs u; and ug,.

The proposed VHCs are then the state-dependent relations ¢; =
@iref(A, @o),i€{1,...,N—1}. The state ¢ is used to control the
orientation, while the state A is used to control the forward veloc-
ity (relative forward velocity resp.) of the snake robot. Note that A
is the frequency of the sine function in (128), and we hence use
the frequency of the undulations to control the forward velocity of
the robot. This is in line with Corollaries 1-2 which show a lin-
ear dependence between the frequency and the average forward
velocity (relative forward velocity, resp.), making the frequency an
efficient choice as a virtual control input for velocity control.

VHCs make the control design amenable to a hierarchical syn-
thesis (El-Hawwary & Maggiore, 2013; Seibert & Florio, 1995),
where the biological gaits are enforced at the lowest level of hier-
archy and path planning is done for a point-mass abstraction of the
snake robot at the highest level of hierarchy (Mohammadi, Reza-
pour, Maggiore, & Pettersen, 2014; 2015):

- Stage 1 Body shape controller that enforces the VHCs

This stage represents the inner control loop and has the high-
est priority. The control torque u of the snake robot ((28a),
alt. (54)) is used to stabilize the VHCs (128). The controller
is an input-output feedback linearizing controller that directly
imposes the VHCs by stabilizing e; = ¢; — @; rer(X, o), i€
{1,...,N—1}. Once the VHCs are enforced, the system dynam-
ics evolve according to (128), and the states A and ¢ can be
interpreted as new inputs for the second stage of the control
design.

Stage 2 Velocity controller that consists of a heading and a speed
controller

At this stage, the inputs uy  and u; of the two dynamic com-
pensators (129) are designed. First, ug, is designed such that
the head angle, Oy, of the snake robot is practically stabilized
to a reference heading 6,..¢(p). Secondly, u, is designed such
that the forward velocity v¢ (v, ¢ resp.) is practically stabilized
to the reference speed Vyer(P) (Ur reler(P) TeSP.). The references
Oref(P) and Viep(P) (V. relef(P) TeSP.) are derived from the ref-
erence velocity vector g that is assigned by the third control
stage.

Stage 3 Path-following controller that provides the reference sig-
nals for the velocity controller

This is the final stage of the control design with the lowest
priority. At the last stage of the control hierarchy, the refer-
ence signals for Stage 2, 0f(p) and Viee(P) (Vi reiref(P) TeSP.)

Fig. 19. The maneuvering controller with current compensation.

are designed to make the robot approach the path and follow
it with the desired speed. For underwater applications, where
the snake robot is exposed to ocean currents, the third stage of
the control hierarchy includes the design of an ocean current
observer to compensate for the perturbing effect of ocean cur-
rents.

Please see Mohammadi et al. (2015) and Kohl, Kela-
sidi et al. (2016) for the equations describing the control law
and the ocean current observer that is derived through this ap-
proach. (See Fig. 19 for an illustration of the control approach
for underwater snake robots.) By using a reduction theorem
for the stability of nested closed sets, practical stability (Teel &
Praly, 1995) is shown for the resulting closed-loop system, thus
achieving both the path following and velocity control objectives,
i.e. solving the maneuvering control problem.

Remark 22. The control laws are derived based on the mod-
els in Section 2 (with the assumptions of negligible added mass
(Remark 7) and constant irrotational ocean current, for the under-
water snake robots). The results, therefore, do not rely on the sim-
plifying assumption of small link angles like the controllers derived
in the previous sections, which were based on the control-oriented
models from Section 4, cf. Remarks 16 and 21. Furthermore, an
ocean current observer is applied instead of integral action for the
control system in the underwater case, something which yields
results for general paths, including both curved and straight line
paths. Since the models in Section 2 are used, oscillations around
the origin are expected, as discussed in Section 6.1 and described
in (91)-(92), and this is achieved by the practical stability results.

7. Underwater swimming manipulators (USMs)

The snake robots and results presented in the previous sections
are all purely bio-motivated. A natural next question was: “What if
we combine the best from biology with the best from technology,
and equip the snake robot with additional effectors?” In particular,
for the underwater snake robots, a natural next step was to inves-
tigate what can be achieved by equipping the robot with thrusters
along its body. By combining the slender, multi-articulated and
thus flexible body of snakes with the efficient propulsion provided
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by thrusters, we obtain a new type of robot that is called an un-
derwater swimming manipulator (USM) (Sverdrup-Thygeson, Kela-
sidi, Pettersen,& Gravdahl, 2016b, 2018). This robot may constitute
the next generation intervention AUV, which is the next step in
the line of ROVs and AUVs for subsea operations (Kelasidi, Lilje-
back, Pettersen, & Gravdahl, 2016). A generic illustration is given
in Fig. 20. The thrusters give the robot hovering capabilities in ad-
dition to faster propulsion, while the snake-like body provides the
robot with beneficial hydrodynamic properties for long-distance
transportation, and exceptional access to narrow areas. Also, equip-
ping the robot with sensors and tools, the multi-articulated body
constitute a dexterous robot manipulator arm that can perform in-
spection and intervention operations subsea, operating as a float-
ing base robotic manipulator.

Mathematical models of the USM are derived in Sverdrup-
Thygeson et al. (2016b) and Kelasidi, Pettersen et al. (2017). Since
the links of the USM generally will be different, depending on the
size and number of the actuators, the length and mass of the links
can be different. The model in Section 2.4 falls out as a special case
when all the links have the same length and mass, and there are
no forces from additional effectors.

Sverdrup-Thygeson, Kelasidi, Pettersen, and Grav-
dahl (2016a) and Sverdrup-Thygeson, Kelasidi, Pettersen, and
Gravdahl (2018) present a generic motion control framework for
the USM, as shown in Fig. 21. The framework itself resembles a
typical guidance, control, and thrust allocation system for marine
vehicles (Fossen, 2011). However, the challenges faced by the dif-
ferent subsystems are more complex for a USM, due to kinematic
redundancy (with the additional effectors, the robot generally
becomes overactuated for the task of controlling its position and
orientation), multi-body dynamics, dynamic coupling effects, and
a state dependent thruster configuration matrix.

Motion planning

The motion planning (guidance), generates the reference signals
to the dynamic controllers for the joints and the thrusters. The ob-
jective of the motion planning module is therefore to specify the
desired motion of the joints and the desired position and orien-
tation of the USM, i.e. controlling the USM in the configuration
space. Which algorithm that is best suited for this will typically
depend on the given task:

Transport Mode: Moving the USM from its starting point to
an area of interest will require the USM to follow a path, ei-
ther pre-planned or created on-the-fly. One control approach is to
use the joint angles for directional control while the propulsion
of the robot is provided by the thrusters (Sans-Muntadas, Kela-
sidi, Pettersen, & Brekke, 2017; Sverdrup-Thygeson, Kelasidi et al.,
2018). This approach is particularly relevant when the USM only
has thruster forces acting in the longitudinal direction, for instance
through aft thrusters, and no thruster control force in the sideways
direction. The robot then functions as an articulated AUV with im-
proved maneuverability compared to rigid AUVs that use rudders
for directional control. The reference heading, 0., of the USM is
then given by a guidance law, and the joint angle references are
chosen as

Birer = &(i, N) o, (130)

Po = kp(0 — Orer) + ki / (O(T) = Greg(T)AT) + kg (0 — Orer), (131)

where kp, k; and k; are control gain parameters, and g(i, N) is
a function that distributes the joint action along the body of
the robot. For instance, one may want to keep the head quite
still to stabilize a head-mounted camera stream, and mainly use
the tail part for directional control, and then g(i, N) is_chosen
to decrease from tail to head. The reference heading 6, can,
for instance, be given by the integral LOS guidance law (123).
By using a standard PID control law to generate the required
thruster forces to achieve the desired forward speed, and tuning
the control parameters properly, a smooth motion and fast con-
vergence to the desired path can be achieved, while keeping the
required thruster forces and joint angles within the actuator lim-
itations. For further details, the reader is referred to Sverdrup-
Thygeson et al. (2016b), where also simulation results are pre-
sented that validate the LOS guidance control for USMs. Further-
more, in Sans-Muntadas et al. (2017) experiments are presented
that validate this approach for path following of spiral paths,
achieving autonomous docking of USMs.

Work mode: When the USM has reached the target position and
is set to perform an inspection or intervention operation, a typ-
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ical task would then be to control the motion of the USM end-
effector, i.e. the head link of the USM. The desired end-effector mo-
tion will typically be specified by a human operator or by a high-
level autonomy system. Moving the end-effector of the USM can be
made either by moving the whole USM as a rigid body using the
thrusters or by changing the joint angles. Together this constitutes
a system with a high degree of kinematic redundancy, and thus,
there are infinitely many ways to fulfill the end-effector position-
ing task. To this end, it is useful to utilize the inherent redundancy
of the USM to achieve the satisfaction of multiple objectives simul-
taneously. While the primary objective is given by the desired end-
effector motion, the USM allows for several alternative secondary
control objectives. The secondary control objectives for USMs may
typically be:

1. Satisfy the mechanical constraints, e.g. the maximum joint de-
flections and maximum angular velocity for the joints

2. Maintain good manipulability, i.e. avoid singular joint configu-
rations

3. Maintain controllability, i.e. avoid singular thruster configura-
tions

4. Avoid collision with other moving objects and stationary obsta-
cles

5. Minimize the total thruster effort

6. Minimize drag forces, i.e. attempt to align the USM with the
dominant direction of the ocean currents

In Sverdrup-Thygeson, Moe, Pettersen, and Gravdahl (2017) it
is shown how kinematic singularity avoidance can be guaranteed
using set-based singularity avoidance tasks within the singularity-
robust multiple task priority framework. In particular, the USM
achieves a desired position and orientation of the end-effector, and
a desired position of the USM base, at the same time as high ma-
nipulability is accomplished through kinematic singularity avoid-
ance.

Motion control laws

The motion control laws calculate the prescribed joint torques
and generalized thruster forces and moments on the USM, based
on the reference signals from the motion planning module. The lat-
ter may, for instance, be given by a simple proportional control law
for the velocity of the USM base:

Te = k(Voh.a = Von)-

where 7. is the vector of generalized thruster forces and moments,
k is the proportional gain factor, and

b
1%
e ] e

(132)

) (133)
Dop
where Ugb and wgb are the body-fixed linear and angular velocities
of the base of the USM, respectively. In Sverdrup-Thygeson, Kela-
sidi et al. (2018) this control law is applied in 3D simulations in
an underwater environment, where it is combined with both kine-
matic and dynamic control.
Thrust allocation

Thrust allocation is the process of distributing the commanded
generalized forces and moments between the thrusters. For a typ-
ical underwater vehicle, each thruster has a fixed position and ori-
entation relative to the body-fixed reference frame. The thrusters
are usually mounted in pairs and aligned with the axes of rota-
tion, such that they affect only the axes that need to be controlled.
However, this is not the case for the USM. When the shape of the
USM changes, the position and orientation of the thrusters with
respect to the base of the USM also change. The thrust allocation
algorithm must therefore take into account that the thruster con-
figuration matrix is a function of the joint angles. In addition, the
complex multi-body dynamics of the USM indicates that the USM

should be fully actuated at all times, in order to control the over-
all motion of the USM base in 6 DOF. Mathematically, this means
that the thruster configuration matrix must have row rank equal to
six for all attainable joint configurations. If the USM should exhibit
an underactuated thruster configuration, the USM may experience
undesirable rotational motion.

If the USM has more thrusters than required to satisfy the
given control task, it is referred to as an overactuated system.
In this case, the solution to the thrust allocation problem is not
unique, i.e. there are infinitely many ways to distribute the thrust
forces and yet obtain the same generalized forces and moments.
In Sverdrup-Thygeson et al. (2016a) and Sverdrup-Thygeson, Kela-
sidi et al. (2018) thrust allocation algorithms are discussed, and the
following alternatives are proposed as optimization criteria:

» Minimize some measure of the combined thruster efforts.

« Minimize the single largest thrust force.

+ Minimize the thrust force fluctuations, i.e. the time-derivative
of the thrust forces.

8. Subsea inspection and intervention - towards industrial use

The beneficial properties of the USM make it an interesting
robot for subsea operations. For several decades, the traditional re-
motely operated vehicle (ROV) has been the workhorse used for
any kind of subsea operation. Currently, the industry is facing an
important shift towards more economical and more efficient op-
erations on subsea installations, and the use of conventional ROVs
deployed from surface support vessels is, in many situations, con-
sidered too expensive. The number of subsea installations for oil
and gas production are increasing. Existing subsea infrastructure is
aging, requiring more preventive maintenance, at the same time as
the needs for routine inspections increase as the number of new
subsea installations continue to grow. Consequently, the industry
has recognized the need for smaller, less costly, and more spe-
cialized vehicles that can perform various autonomous and semi-
autonomous tasks at subsea oil and gas installations (Gilmour, Nic-
cum, & O’Donnell (2012)). In particular, small, lightweight AUVs
with hovering and precise maneuvering capabilities gain increased
attention.

The USM combines several beneficial features of survey AUVSs,
work class ROVs and observation ROVs and AUVs into one tool,
cf. Fig. 22; It shares the same advantageous hydrodynamic prop-
erties as the survey AUV, making it suitable for long range trans-
portation. The flexible and slender body can access and operate in
restricted areas of subsea structures, achieving excellent access ca-
pabilities compared to small observation ROVs/AUVs. Furthermore,
the vehicle itself is a dexterous robotic arm which can operate
tools and carry out intervention tasks, operating as a floating base
robotic manipulator.

The combined features of the USM make it an excellent choice
for a subsea resident robot, which will be permanently installed
on the seabed, being ready 24/7 for planned and on-demand in-
spection and intervention operations. This solution will dramati-
cally save costs by reducing the use of expensive surface vessels
which are needed to support such operations today. Eelume AS
(Eelume, 2015) is a company sourced from the Norwegian Univer-
sity of Science and Technology (NTNU) and has teamed up with
Kongsberg Maritime and Statoil to develop this robot for industrial
use.

Eelume vehicles can be installed on both existing and new
fields where typical jobs include; visual inspection, cleaning, and
operating valves and chokes. These jobs account for a large part of
the total subsea inspection and intervention spend. The first proto-
type, Fig. 23, was tested in the deep waters of the Trondheim fjord
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Fig. 22. The features of the USM. Courtesy of Eelume.

Fig. 23. The Eelume robot hovering underwater. Courtesy of Eelume.

and at the PREZIOSO Linjebygg Subsea Test Center in Trondheim,
in December 2016.

The purpose of the testing was to verify and demonstrate the
features of Eelume’s snake-like underwater robot in a deep-water,
marine environment. Eelume confirmed that the vehicle has supe-
rior maneuverability, is a stable sensor and actuator platform, and
has easy access to constrained areas not accessible by conventional
underwater vehicles. The next prototype is currently under devel-
opment and will be tested down to 500m in 2017, also demon-
strating the intervention capabilities. While the robot is developed
as a subsea resident robot for the oil and gas industry, it is also a
highly applicable tool for subsea operations within marine biology,
archaeology, aquaculture, and port security.

9. Conclusions

This paper has reviewed a selection of recent work by the au-
thor’s research group on modeling, analysis, and control of snake
robots. The kinematics and dynamics of snake robots moving in
2D on land and underwater have been presented. Based on these
models, it was shown that if the friction or drag force coefficients
of snake robots are larger in the sideways direction than in the
longitudinal direction of the robot links, the snake robot achieves
forward propulsion by continuously changing its body shape to in-
duce either ground friction forces or hydrodynamic drag forces that
propel the robot forward. This is achieved when the snake robot
follows an undulatory gait pattern. The nature of undulatory loco-
motion allowed us to develop simpler mathematical models, which

capture the essential behavior of snake robots during undulatory
locomotion, and which are well-suited for analysis and control de-
sign.

Based on these models, we derived the relationship between
the gait parameters and the forward velocity, such that we can
choose the gait parameters to achieve the desired forward veloc-
ity and also make an informed trade-off between forward veloc-
ity and power consumption. We then developed path following
controllers for snake robots. For snake robots moving on land, a
line-of-sight (LOS) guidance control law was proposed and shown
to exponentially stabilize the desired straight line path under a
given condition on the look-ahead distance parameter. For snake
robots moving underwater, ocean currents of unknown direction
and magnitude need to be handled, and an integral line-of-sight
(ILOS) guidance control law was proposed and shown to exponen-
tially stabilize the desired straight line path under given condi-
tions on the look-ahead distance and integral gain parameters. For
some applications, it is desirable also to control the forward ve-
locity of the robot. Instead of using tuning of the gait pattern pa-
rameters based on the relationship between these parameters and
the velocity, which constitute open-loop control of the velocity, we
then included feedback control of the forward velocity in the con-
trol law, solving the maneuvering control problem. Maneuvering
control laws, based on biologically inspired virtual holonomic con-
straints, were proposed for snake robots moving both on land and
underwater.

The paper furthermore presented the underwater swimming
manipulator (USM), which is essentially a crossover between an
autonomous underwater vehicle (AUV) and an underwater snake
robot (USR). The USM is a multi-body articulated structure, but
unlike conventional USRs, the USM is equipped with additional
thrusters, thus enabling it to operate as a floating base robotic
manipulator. The USM combines the slender, multi-articulated and
thus flexible body of snakes with the efficient propulsion pro-
vided by thrusters. The thrusters give the robot hovering capabil-
ities in addition to faster propulsion, while the snake-like body
provides the robot with beneficial hydrodynamic properties for
long-distance transportation, and exceptional access to narrow ar-
eas. Furthermore, equipping the robot with sensors and tools, the
multi-articulated body constitute a dexterous robot manipulator
arm that can perform inspection and intervention operations sub-
sea.

The beneficial properties of the USM make it an interesting
robot for subsea operations. It shares the same beneficial hydro-
dynamic properties as the survey AUV, making it suitable for long
range transportation. The flexible and slender body can access and
operate in restricted areas of subsea structures, achieving excel-
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lent access capabilities compared to small observation ROVs/AUVs.
Furthermore, the vehicle itself is a dexterous robotic arm which
can operate tools and carry out intervention tasks, operating as
a floating base robotic manipulator. The combined features of the
USM make it an excellent choice for a subsea resident robot, which
will be permanently installed on the seabed, being ready 24/7 for
planned and on-demand inspection and intervention operations.
This solution will dramatically save costs by reducing the use of
expensive surface vessels, which are needed to support such oper-
ations today. Eelume AS is a company sourced from the Norwegian
University of Science and Technology (NTNU) and has teamed up
with Kongsberg Maritime and Statoil to develop this robot for in-
dustrial use, and the Eelume robot was successfully tested in the
Trondheim Fjord December 2016.
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